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Abstract 

This article serves as a continuation for the discussion in Q], we analyze the invariance properties of the gravity path- 
integral measure derived from canonical framework, and discuss which path-integral formula may be employed in the concrete 
computation e.g. constructing a spin-foam model, so that the final model can be interpreted as a physical inner product in the 
canonical theory. 

The present article is divided into two parts, the first part is concerning the gauge invariance of the canonical path-integral 
measure for gravity from the reduced phase space quantization. We show that the path-integral measure is invariant under all 
the gauge transformations generated by all the constraints. These gauge transformations are the local symmetries of the gravity 
action, which is implemented without anomaly at the quantum level by the invariant path-integral measure. However, these 
gauge transformations coincide with the spacetime diffeomorphisms only when the equations of motion is imposed. But the 
path-integral measure is not invariant under spacetime diffeomorphisms, i.e. the local symmetry of spacetime diffeomorphisms 
become anomalous in the reduced phase space path-integral quantization. 

In the second part, we present a path-integral formula, which formally solves all the quantum constraint equations of gravity, 
and further results in a rigging map in the sense of refined algebraic quantization (RAQ). Then we give a formal path-integral 
expression of the physical inner product in loop quantum gravity (LQG). This path-integral expression is simpler than the 
one from reduced phase space quantization, since all the gauge fixing conditions are removed except the time-gauge. The 
resulting path-integral measure is different from the product Lebesgue measure up to a local measure factor containing both 
the spacetime volume element and the spatial volume element. This formal path-integral expression of the physical inner 
product can be a starting point for constructing a spin-foam model. 
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1 Introduction 



The path-integral measure plays an important role in the path-integral quantization of a dynamical system. However at first look, 
the choice of path-integral measure is ambiguous. Even for a simple system like a free particle on K 3 , all the different measures 
on the space of paths can play the role as a path-integral measure, and lead to different quantum theories. Usually the way to 
select a right measure for path-integral is to establish the equivalence with the canonical quantization of the same system. For the 
simple systems, e.g. a free particle on R 3 and the free fields on the Minkowski spacetime, the correct path-integral measures are 
simply the formal Lebesgue measures. But for general systems more complicated than these, in particular a constrained system, the 
path-integral measure is unlikely to be always a Lebesgue meausure. It is suggested by the literatures e.g. |2| that for a general 
constrained system, one should use a measure derived from the Liouville measure on the reduced phase space. The reason is that 
the reduced phase space Liouville measure has direct relation with the canonical quantization in the reduced phase space of the 
constrained system. The path-integral formulation is of interest in the quantization of general relativity (GR), a theory where space- 
time covariance plays a key role. The spacetime diffeomorphism of GR results in that GR formulate gravity as a dynamical system 
with a number of first-class constraints with some certain complications. In quantizing such a complicated dynamical system as GR, 
one has to be careful about the choice of path-integral measure. 

Currently loop quantum gravity (LQG) is a mathematically rigorous quantization of general relativity that preserves background 
independence — for reviews, see [3] [4). The spin-foam model can be thought of as a path-integral framework for loop quantum 
gravity, directly motivated from the ideas of path-integral adapted to reparametrization-invariant theories |5] |6] . So far, however only 
the kinematical structure of LQG is used in motivating the spin-foam framework, while the canonical formulation of the dynamics 
in LQG doesn't contribute to the current spin-foam models. Instead the resulting framework is remarkably close to the path-integral 
quantization of so-called BF theory, a topological field theory whose quantization is exactly known [ 7 ] . GR can in fact be formulated 
as a contrained BF theory, yielding the Plebanski formulation (8), and for this reason the Plebanski formulation is usually the starting 
point for deriving the dynamics of spin-foams. However, the consistency between spin-foam model and canonical framework of LQG 
hasn't been well understood. And the path-integral measure consistent with canonical theory hasn't been incorporated in the current 
spin-foam models yet. 

In m, we derive two path-integral formulations for both the Hoist and Plebanski-Holst actions from the reduced phase space 
quantization. Thus we show that their path-integral measures are consistent with the canonical theory, so they are candidates for the 
spin-foam construction. However, there are immediately two questions concerning the resulting path-integral formulae: 

1 . The first question is a conceptual question: The resulting path-integral measur^] is not a formal Lebesgue measure, but 
with a so called, local measure factor of the shape ( V n V"\ where 'V is the spacetime volume element and V s is the spatial 
volume element. And the powers m, n are different between the cases of the Hoist action and the Plebanski-Holst action. The 
appearance of spatial volume element breaks the manifest spacetime diffeomorphism invariance of the path-integral measure, 
which leads to the first question: What is the implication of this diffeomorphism non-invariant path-integral measure? Does it 
mean that this path-integral quantization of gravity breaks the spacetime diffeomorphism invariance? 

2. The second one is a practical question: In the path-integral formulae in [1] given by reduced phase space quantization, 
the integrands contain several gauge fixing conditions, one for each first-class constraints. This fact reflects that we are 
considering the quantization of a gauge system. For the conventional computation of the path-integral amplitude, one often 
need to introduce the ghost fields and write down an effective action. However, if we consider the background independent 
quantization for GR such as the spin-foam models, the gauge fixing terms are too complicated to be implemented. Then 
the question is: Can we find some ways to circumvent the gauge fixing conditions, in order to make path-integrals in |Q] 
computable? 

Our answer for the first question is: If our path-integral quantization is consistent with the canonical theory of gravity, then 
the local symmetry of spacetime diffeomorphism is broken in the quantum level. The reason is the following: It turns out in (9] 

'in a path-integral formula J !D/j e' s , some author use the term "a path-integral measure" referring to D/i, but some others use it referring to D/i e' s . We are 
following the first convention. But there is no different between these two convention when we are consider the invariance of the path-integral measure under the 
symmetries of the action S . 
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that the local symmetry group Diff(M) corresponding to the spacetime diffeomorphisms is not protectable under the projection map 
from the space of metric to the phase space. There doesn't exist any canonical generator on the phase space generating spacetime 
diffeomorphisms for the phase space variables. Thus Diff(M) is not the group of gauge symmetries in the canonical GR. A direct 
consequence is that the first-class constraints (the spatial diffeomorphism constraint and the Hamiltonian constraint) generate a 
constraint algebra which is not a Lie algebra, i.e. the structure functions appears. Therefore the gauge transformations doesn't 
form a group in the canonical theory of gravity, since they are generated by the first-class constraints. The collection of the gauge 
transformations is at most an enveloping algebra, whose generic element is a product of infinitesimal gauge transformations. We 
refer to this enveloping algebra as the "Bergmann-Komar group" BK(M) [ 10] . It coincides with Diff(M) only when the equation of 
motion is imposed. This Bergmann-Komar group essentially determines the dynamical symmetry of canonical GR, while Diff(M) 
is only the kinematical symmetry of the theory. Here by kinematical we mean that the symmetry group is insensitive to the form of 
the Lagrangian. This point can be illustrated by comparing the Einstein-Hilbert action with the high-derivative action 

J" d 4 x ^ detg(x)\ R aPyS {x) R a ^\x). (1.1) 

Both the actions are spacetime diffeomorphism invariant, but their dynamics are dramatically different, which can be seen from their 
constraints. 

Therefore we can see that a path-integral quantization of GR with the local symmetries of Diff(M) cannot be consistent with the 
canonical theory with the gauge symmetries of BK(M). They are consistent at most in the semiclassical limit. Then an immediate 
question is whether the dynamical symmetry of the Bergmann-Komar group BK(M) is implemented in our path-integral quantization 
in |[T|. The answer is positive. We will show in the present paper that the Bergmann-Komar group BK(M), which is also a collection 
of local symmetry of the gravity action, is implemented anomaly-freely in the path-integral quantization derived from reduced phase 
space quantization. Therefore all the informations of the dynamical gauge symmetry have been incorporated in this path-integral 
quantization. Moreover, if we approximate the path-integral around a classical solution of the equation of motion, the semiclassical 
limit recovers the spacetime diffeomorphism invariance. 

Since our path-integral measure is derived from canonical framework of GR, instead of asking it to be diffeomorphism invariant, 
one should rather ask whether it can solve all the quantum constraint equations. More precisely, given the kinematical Hilbert space 
UfCm of GR (which can be realized by the kinematical Hilbert space in LQG), we represent the classical constraints C/ to be operators 
Cj on the kinematical Hilbert space. Then the quantum constraint equations are C/'P = 0. A correct path-integral formula should 
gives a rigging map for the refined algebraic quantization (RAQ) IfTTII . mapping the kinematical states in a dense domain of Hkih to 
the space of solutions of the quantum constraint equations. In the present paper, we will show that the path-integral formula derived 
from reduced phase space quantization does give the desired rigging map (will be denoted by rj^), which formally solves all the 
(Abelianized) constraints of GR quantum mechanically. Finally we can write down formally a physical inner product of LQG in 
terms of this path-integral formula. This result means that this path-integral formula correctly represents the quantum dynamics of 
GR. 

Our resulting path-integral expression of the physical inner product also effectively answer the second question above. It turns 
out that all the gauge fixing conditions are removed in the path-integral representing the physical inner product, except the so 
called, time-gauge. For example, we will show that the physical inner product can be formally represented by a path-integral of the 
Plebanski-Holst action 



(nco(f')\ila(f))phy S 



ZrifJ') 
Zt(u>, of) 



Zt(J, /') = f DogDBZ f[ ^V U/2 V 9 , 6 20 ieuKL B% B% - ^V**J 6 3 (T e ) 
Jn± xeM \ ■ I 

tpi jV 7 A(F-i*F) /(A;,) ( ./'(A^ (1.2) 



where *V and V s are spacetime volume element and spatial volume element respectively. The time-gauge T c has to be there since 
our analysis starts from the Ashtekar-Barbero-Immirzi Hamiltonian formulation Ifl2l . which is the starting point of LQG. Since the 
gauge fixing conditions disappear, this physical inner product represented by the path-integral is ready for the concrete computation, 
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by employing the technique of the spin-form model. The resulting spin-foam model will possess a direct canonical interpretation as 
a physical inner product. 

One can see from Eq. dl.2l i that, as we expected, the local measure factor 1/ 13 / 2 y? appears in the physical inner product, it 
actually reflects the fact that we are considering a dynamical system with constraints. The quantum effect of this type of local 
measure factor has been discussed in the literature since 1960s (see for instance IPPJI [141 ) in the formalism of geometrodynamics 
and its background-dependent quantizations (stationary phase approximation). The outcome from the earlier investigations appears 
that in the background-dependent quantization, this local measure factor only contributes to a divergent part of the loop-order 
amplitude, thus their meanings essentially depend on the regularization scheme. Then it turns out that one can always choose certain 
regularization schemes such that, either the local measure factor never contributes to the transition amplitude (e.g. dimensional 
regularization), or it is canceled by the divergence from the action lfT3l[T4l . Thus in the end, the effect from the local measure factor 
may be ignored in the practical computation of background-dependent quantization. 

In the formalism of connection-dynamics for GR, however, when we perform background-independent quantization like the 
spin-foam models, in principle the local measure factor should not be simply ignored, because the regularization arguments in 
background-dependent quantization are not motivated in the background-independent context anymore. For example, the spin-foam 
models are defined on a triangulation of the spacetime manifold with a finite number of vertices, where at each vertex the value 
of the local measure factor is finite, and the action also doesn't show any divergence. Thus in principle one has to consider the 
quantum effect implied by this local measure factor in the context of spin-foam model, if one wants to relate the spin-foam model 
to the canonical theory. An immediate consequence is that the crossing symmetry in spin-foam model may be broken by the spatial 
volume measure factor, which is consistent with the canonical LQG in terms of Hamiltonian constraint operator and master constraint 
operator lfl5ll . 

The present article is organized as follows: 

In section |2] we first review the reduced phase space quantization for a general constrained system, and perform the derivation 
for its path-integral formulation. And give a general argument about in which circumstance the path-integral measure is invariant 
under the infinitesimal gauge transformations generated by the first-class constraints. 

In section [3] the general consideration is applied to the case of GR. We analyze the path-integral measures for both the ADM 
formalism and the Hoist action. We show that the path-integral measures is invariant under the Bergmann-Komar group, which is also 
a collection of the local symmetries. However, the spacetime diffeomorphism symmetries become anomalous in this path-integral 
quantization. 

In sectionHJ we first briefly review the general programme of refined algebraic quantization. Then for a general time-reparametrization 
invariant constrained system, we give a general formal expression of the rigging map by using the path-integral from its reduced 
phase space quantization. After that we apply the general expression to the case of gravity coupling with 4 real massless scalar field. 
In the end, we obtain the physical inner product of GR formally represented by a path-integral formula of the Hoist action or the 
Plebanski-Holst action. 

2 A general dynamical system with both first-class and second-class constraints 

2.1 Reduce phase space quantizations of the constraint system 

We first consider a general reparametrization-invariant dynamical system, whose Hamiltonian is a linear combination of constraints. 
We will employ the relational framework to construct Dirac observables of the system lfl6l and then perform the canonical quantiza- 
tion in reduced phase space. The advantages of this approach are that: (1) We will obtain a direct interpretation for the path-integral 
amplitude with boundary kinematical state as the physical inner poduct between physical states in the canonical reduced phase space 
quantization in terms of relational framework; (2) This approach will also help us in considering the rigging map in refined algebraic 
quantization, which will be proposed in the section|4] 

We first briefly recall the relational framework of constructing Dirac observables for general covariant systems (see lfl6l for 
details, see also fPTll ). First of all, we consider the phase space for a dynamical system (At, a>) with a collection of the first-class 
constraints C/, / e I which is an arbitrary index set. These first-class constraints in the most general case close under the Poisson 
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bracket from a>: 



{C u Cj)= f u K C K (2.1) 

where f* in general is a structure function. If the dynamical system also has a number of second-class constraints <t>,, we denote by 
M the constraint surface where all the second-class constraints vanish, and co is the Dirac symplectic structure on M. We choose a 
collection of the gauge variant functions T 1 (clock functions), / e I, providing a local coordinatization of the gauge orbit [m] of any 
point m in the phase space, at least in a neighborhood of the constraint surface M := {m e M \ Cj(m) — 0, V/ e I}. It follows that 
the matrix A J t := {C/, T J } must be locally invertible. Consider the equivalent set of constraints 

C\ := Y} A ~'tCj ( 2 - 2 ) 
j 

the new set of constraints has the properties that {C' r T J } m and their Hamiltonian vector fields X[ :- xc\ are weakly commuting. 
For any real numbers f} 1 

Xp-^Xj. (2.3) 

Then the gauge transformation can be expressed in terms of formal Taylor series for any function / on the phase space 

a p (f) := exp(^) ■ / = V -X" ■ f (2.4) 

by the mutually weak commutativity of Xj. The idea of relational framework is that by using the gauge variant clock variables 
T 1 , we construct a (at least weakly) gauge invariant Dirac observable from each gauge variant phase space function. The resulting 
Dirac oberservables can separate the points on the reduce phase space. It allows one to coordinatize the reduced phase space by the 
Dirac observables so constructed. Given a collection of the phase space constants r 7 , the weakly gauge invariant Dirac observable 
associated with the partial observables / and T 1 are defined by 1 16 1 

O f (r) := [a p (f)] MT , )=T ,. (2.5) 

One can check that ap{T l ) w T 1 + ft 1 . Notice that after equating f3 ! with r 7 - T 1 , the previously phase space independent quantities /3 
become phase space dependent, therefore it is important in Eq. d2.5t to first compute the action of Xp with /3 1 treated as phase space 
independent and only then to set it equal to r 7 - T 1 . Therefore on the constraint surface Oj (t) can be expressed as formal series 

°° (t 1 - T 1 ^' 

Of(T) * [ap(f)]p, =T ^ T , = 11 rr ri (Xl)k ' ■ / (2 - 6) 

(fe}=0 / 7 ' / 

A significant consequence of the above construction is that the map 0(t) : / — > 0/(t) is a weak Poisson homomorphism (homomor- 
phism only on Ai) from the Poisson algebra of the functions on the constraint surface defined by C/ ,T J with respect to the Dirac 
bracket {, }d to the Poisson algebra of the weak Dirac observables 0/(t) lfl6l . To write the relation explicitly, 

Of(T) + O f (T) = O f+f (T), Of(T)O f (T) * O ff (T), 

{O f (T), O f (r)} * \O f {T), O f (r)} D * %,/<)» (2.7) 

where the Dirac bracket is explicitly given by 

{/>/% = {/,/'} " \fXi)[A-%{T J ,f) + \f ,C,)[A-%{T J ',/}. (2.8) 

Suppose that we can choose the canonical coordinates, such that the clock functions T 1 are some of the canonical coordinates, 
we write down the complete canonical pairs (q",p a ) and (T ! ,Pi) where P/ is the conjugate momentum of T 1 . And at least locally 
one can write the constraints C/ in an equivalent form: 

C, = P, + h I (q a ,p a ,T J ) (2.9) 
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thus one can solve the constraints by setting P r = -h[{q a ,p a , T ] ). On the constraint surface, the Dirac observable associated with 
the clocks T 1 

O r /(T):= [^(r% (r;)=T / = r 7 (2.10) 
is simply a constant on the phase space. We also define the Dirac observables associated with the canonical pairs (q a , p a ) 

Q\t) := <V(t) P a {r) := Po (r) (2. 1 1) 

and the "equal-time" Poisson bracket: 

(Pair), Q"{t)) * 5* {P fl (r),P,(r)} * {g fl (T), Q*( T )} * (2.12) 

Thus we can see that for each r the pairs (Q"(t), P a (j)) form the canonical coordinates of the reduced phase space. 

On the other hand, the collection of the constraints C/ = P/ + hi{q a ,p a , T J ) forms a strongly Abelean constraint algebra. The 
reason is the following: C/'s are first class, i.e. {Cj, Cj) - f u K Cic for some new structure function /. the left hand side is independent 
of Pj, so must be the right hand side. Then the right hand side can be evaluated at any value of Pj. So we set P/ = -hi. If we write 
Cj = ZjKijCj for a regular matrix K and since \C' p T J \ * 6j = [Q, T J ], we obtain that K u ~ 6 J ; and C\ = C, + 0(C 2 ), which 
means that C\ and C/ is different by the terms quadratic in the constraints. It follows that the Hamiltonian vector fields Xj and X t 
of Cj and C 7 are weakly commuting. We now set H,(t) = H,(Q a (T), P a (r),r) := O^(r) « /z/(2"(t), P a (r), t). For any function / 
depending only on p" and # a , we have the "equal-time"commutator: 

{Hi(r),O f (T)} * %rf = %ir) = |y (T) = ^[]^[]x;'.i r / 

{*} / y 

t*} y J ' y {*} y J ' y 

= ^7°/ (T) (2 ' 13) 

which means that the Dirac observable ///(t) is a "time-dependent" generator for the gauge flow on the constraint surface. Thus 
we call Hiif) the (time-dependent) physical Hamiltonian if we are dealing with a general reparametrization-invariant system with 
vanishing Hamiltonian. Moreover, the algebra of the physical Hamiltonians is weakly Abelean, because the flows a T : Of (tq) h-> 
O fir + to) forms a Abelean group of weak automorphisms. 

Then we come to the quantization on the reduced phase space, where all the classical constraint is solved and all the classical 
elementary observables are invariant under gauge transformation. We start our quantization in Heisenberg picture. On the kinemat- 
ical level, the quantum algebra % is generated by the gauge invariant observables Q"(t) and P a (j) with the "equal-time" canonical 
commutation relation for any t (in particular t = 0) 

[P a (r), Q\t)] = -i{P a {r), Q"(t)} * -i5 h a 

[Pa(r),P b (T)l = -i{P a (r),P b (T)}*0 

[Q"(r), Q b (r)] = -i{Q a {r), Q h {r)) » 0. (2. 14) 

Given the quantum algebra % one can find the representation Hilbert space <H of % via GNS construction by any positive linear 
functional on 91. Note that we can call H the physical Hilbert space because all the constraints have been solved in the classical 
level. Furthermore, 

Definition 2.1. We say that the quantum dynamics exists for the present system provided that there exists a representation fi such 
that for each t all the physical Hamiltonians Hi(Q"(t), P a (r), t) are represented as the densely defined self-adjoint operators on *H. 
We say that the quantum dynamics is anomaly-free provided that all physical Hamiltonians Hi(Q a (r), P a (r), r) form a commutative 
algebra for each r. 
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If the quantum dynamics is anomaly-free, it means that all the classical gauge symmetries are manifestly reproduced in the 
quantum theory. Suppose we have a representation of 91 such that an anomaly-free quantum dynamics exists, on this representation, 
we have the Heisenberg picture "equation of motion" from Eq. d2.13l i: 

[H,(Q a (T),P a (T),T),df(T)] = -i{Hj(Q a (T),P a (T),T),O f (T)} * fa (2.15) 

thus the operators H/(t) = Hi(Q c '{t), P a (j), r) are the physical Hamiltonian operators of the quantum system, which generate the 
multi-finger evolutions of the Heisenberg operators. On the other hand, The time-dependent operators Hj(t) := Hi(Q a {0), P a (0), t) 
generate the multi-finger evolution of quantum states in Schodinger picture. For each /, a unitary propagator t//(r/, rj) is defined by 
a formal Dyson expansion: 

Ufa, t'j) := 1 + J(-0" f ' dr/,,, f dr/^i • • • f dT A i Hfa,i) ■ ■ ■ Hfa,n) (2.16) 
which at least formally solves the Schodinger equation 

i^-Ufa, t'j) = Hfa)Ufa, t'j). (2.17) 
dr/ 

Since the representation is anomaly-free, we define the multi-finger evolution unitary propagator U(t, t') by 

UiT^-^Ylufa,^) (2.18) 
/ 

Given two "multi-finger time" = {t/^}/,to = {t/,o}/ and two physical state (Heisenberg states) W,W e *H, their corresponding 
Schodinger states are denoted by YfTjv), T"(to). The physical multi-finger transition amplitude is defined by the physical inner 
product between these two physical Heisenberg states (I'll''). We then perform the standard skeletonization procedure ifTSl for this 
physical transition amplitude: 

<¥|r> = (W(t n )\U(t n ,t W(to)) 
= j dQ a (T N )dQ a (T N -i)---dQfa)dQ a (T ) 

xwwxe'wie'Wi)) ■ • • <e fl (Ti)ie fl (T ))<e fl (T )iT") (2.19) 

where \Q a (T))(Q a (j)\ is the projection valued measure associated with Q a (j) (we assume Q a (j) is represented as a self-adjoint 
operator for each t). From Eq. ( 12.191 1, we see that a (discrete) path c in the space of t is selected for this skeletonization precedure. 
We denote by T the space of r and by c : M — > T the path parametrized by the parameter t , and c(f„) = r„ . We will call this parameter 
t the "external time parameter". However the value of < v E / | v t"> is manifestly independent of the choice of the path c (external-time 
reparametrization) by the anomaly-freeness. This fact is a reflection of the general covariance of the system. 

Following the way in |[T8l . we arrive at a formal path-integral formula of the physical inner product of Heisenberg states: 

r Kf-l N 

= [f~[ dP fl (c(f„))][ J~[ dQ a (c(t n ))] v(Q a (c(t N )), c(t N )) r (e fl (c(? )), c(f )) 

N 

x exp i J] [ J] P a (c{t n -,)){Q a (c{t n )) - e fl (c(f„-i))) - J] (c 7 (?„) - Sitn^Mcitn-i))] (2.20) 



Formally take the continuous limit N — > oo, we obtain a formal Hamiltonian path-integral expression: 

= f f[ [dPMt)) d Qa (c(t))} e'V *['^««Hr^»] ^fi.^)), <%)) r (Q«(c(rO), eft)) 

f[ [dPMt)) dQMt)) dPj(t) dT'(t)} f[ 6( Pl (t) + H/WO)) « (r'W - ^(Oje^^^^^^ 



re[f;,'/] «=[<«,«/] 



x^(e«(c( f/ )), r%)) r(exf,-)), r 7 (r,)) (2.21) 
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Because of the 5-functions £)(r 7 (f)-c 7 (f)), each Q"(t) m [aj3(q a )]pi =T i-Ti reduces to q a and the same for the momenta P°(t). Therefore 
(T^T") 



xT( 9 »(f/), r%)) r (^( f ,), r 7 (f,)) (2.22) 

Eg. (12.221 1 can also be shortly written as 

= f Dp a Dq a DPiDT ] [s(Pi + hj) 6(t' - r 7 )] e'^^^^^m] ¥(qjrp Y(q«, T r t ) (2.23) 
J t,i 

This result implies that the path-integral amplitude with boundary kinematical states T'(q , °, Ti) and *l"(q", Tj) can be interpreted as 
the physical inner product between the corresponding physical states in the relational framework (we will come back and discuss 
more about this point in section POT i. On the other hand, it is also a Faddeev-Popov path-integral formula with the gauge fixing 
functions T 1 - t 7 and unit Faddeev-Popov determinant. We can also obtain the path-integral with the original constraint C/ and 
general gauge fixing condition £ (two sets of the equations £ 7 = and T 1 = t 7 have to share the same solutions) by the relation: 

ViAjf] [6(d) 6(f)] = det({C/,^}) f] [6(C) 6(f)] = det({P K , T L }) det(J^) det (|^) f[ [ 5{C,) ^'A 

= det ({P,, T J }) Y] [6(P! + hi) 6(T' - r 7 )] (2.24) 

where y\Di\ denotes the Faddeev-Popov determinant. Recall that if the dynamical system also has a number of second-class 
constraints <£,, the formal measure Dp a Dq a DP /DT ! is the Liouville measure on the constraint surface where all second-class 
constraints vanish. Then it turns out that (the proof will be shown shortly later) 

Dp a <Dq a <DP 1 m 1 = DA*) P[ Vdetw[x A (f)] yl\D 2 [x A (t)]\ 6(<!> i [x A (t)]) (2.25) 



where Dx A (t)\\ t ^deta>[x A (t)] is the Liouville measure on the full phase space, <S) a are the second-class constraints, and \D 2 \ = 
det ({O ff , <l>g}) is the Dirac determinant. Inserting these relations into Eq. (12.23l ) 

= f ©**(0 f[ Vdetw[x 4 a)] Y\ [ Vl£i[* A »]l 6(c I [x A (t)i) <^V(0])] f[ [ ^\D 2 [x A (t)]\ d^At)])] 

t€[t t ,t f ] te[ti,t f ] tE[ti,t f ] 

x exp (iS [AO]) ^[x A (t f )] Y[Ati)] (2.26) 

where S [^(f)] denotes the action of the system. It is remarkable that this path-integral Eq. ( 12.261 1 is independent of the reparametriza- 
tion of the external time t, since the physical inner product (multi-finger physical transition amplitude) is manifestly independent of 
the choice of path c. This fact reflects that we are dealing with a general reparametrization-invariant system, whose Hamiltonian is 
a linear combination of constraints. 

Finally we write down the partition function from relational framework: 

ZRelational = f £>A0 f] VdetO>[x A (f)] f[ [ V|£>l[A0]l 6{C l [x A (t)]) 6{f[x\t)])] 

'£[';,'/] te[t„tf] 

x \\ [ VP2[**(0]I <*($i[A0])] exp (iS [At)]) ■ (2.27) 

t€[t,,t f ] 

I will show in the follows that the path-integral formula Eq. d2.27t coincides with the reduced phase space path-integral quanti- 
zation using Liouville measure [2|. The following discussion also (1) includes the case that the Hamiltonian is non-vanishing on the 
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constraint surface; (2) manifestly shows that different canonical formulations of the same constrained system result in the equivalent 
path-integral quantizations. 

We consider a general regular dynamical system associated with a 2n-dimensional phase space (F, Q.) with symplectic coordinates 
(p a , q") (a - 1, ■ ■ • , n). There are m first-class constraints Cj (I = 1, ■ ■ • ,ni) and 2k second-class constraint *Pj (i = 1, • • ■ , 2k) for this 
dynamical system, and we suppose m + k < n in order that there are still some unconstrained dynamical degree of freedom. Note 
that since the constraints C/ are first-class, they close under Poisson bracket determined by D. modulo second-class constraints, and 
weakly Poisson commute with the second-class constraints W,, i.e. 

{d,Cj} = fjj K C K + gl *V k and = Uj/Cj + Vj/Wj (2.28) 

where f u K , gjj, u n J and v n } are in general the structure functions depending on the phase space coordinates. 
Now the total Hamiltonian H, ot is written as: 

H m = H + f¥i + A'C, (2.29) 

where A 1 are the free Lagrangian multipliers but /' are determined as functions on the constraint surface by the consistency of all 
the constraints. H is the non-vanishing Hamiltonian on the reduced phase space, which is a function weakly commute with the first 
class constraints, i.e 

{H,Ci} = U}C J + v} x S!j (2.30) 

where Uj and Vj are in general the functions depending on the phase space coordinates. 

In order to have a unique equation of motion without the free Lagrangian multipliers, one can introduce m gauge fixing functions 
X 1 (Cj andx' shouldn't be weakly Poisson commute) to locally cut the gauge obits generated by the first class constraints (we ignore 
the potential problems about Gribov copies). The implementation of the local gauge fixing conditions x' ~ reduce the original 
first-second-class-mixed constrained system into a purely second-class constrained system. Thus the total Hamiltonian is re-defined 
by 

H m =H + f% + A'C, + frx 1 (2.31) 

By the consistency of C/ and^- 7 , their coefficients A 1 and /?/ are determined as some certain functions on the constraint surface defined 
by = C/ = x' - 0. This constraint surface T« combined with the Dirac symplectic structure Qr determined by the constraints Cj, 
X 1 , and is (at least locally) symplectic isomorphic to the reduced phase space for the constrained system (see [2 1 for proof). 

Then we consider the path-integral quantization of a general reg ulai@ dynamical system with both the first-class and the second- 
class constraints. We have shown that this kind of constrained system can always be reduced into a purely second-class constrained 
system by introducing a certain number of gauge fixing conditions, so it is enough to consider the path-integral quantization for a 
general regular dynamical system only associated with the second-class constraints [2 |. We denote its 2n-dimensional phase space 
by (T, Q.) with a general coordinates x 1 1 — 1, ■ • • , 2n. Suppose there is a irreducible set of 2m regular second-class constraints Xa 
a - 1, • • ■ , 2m, then the reduced phase space (Tr, Qr) is defined by the sub-manifold Tr = {x e T : Xa(x) - 0, Var = 1, ■ ■ • , 2m) 
with the Dirac symplectic structure ojr determined by Xa- On the reduced phase space (Fr, Q.r), all the degree of freedom is free of 
constraint, thus it is straight-forward to (heuristically) define the path-integral partition function. We introduce 2(n - m) coordinates 
y' i = 1 , • • • , 2(n - m) on Fr, then the partition function of the system is defined by a path-integral with respect to an infinite product 
of Liouville measure associated to cor. 



Z:= f ]| [dy(0^|detfito[y-(O]| 



exp(/S[y(f)]) (2.32) 



where S [y'(t)] denotes the action of the system. 

In order to rewrite the path-integral formula in terms of the original phase space coordinates x' . We make a coordinate trans- 
formation on F from {x 1 }^ to {y 1 }^" ni) and {XaS^^v wnere {/ifi""" 1 ' are the coordinates on Fr such that {y',^u.} ~ (it is always 
possible, see Theorem 2.5 of ||2]])- Then the simplectic structure on F can be written as 

co = (u> x ) a P&Xa A dx P + (to^ijdy A dy j . (2.33) 



2 A regular constrained system means that its Dirac matrix has a constant rank on the phase space. 
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In fact, {to x ) a P is the inverse of the Dirac matrix A a p = \Xa,Xp\ Thus we obtain a relation of the integration measure by the invariance 
of the Liouville measure under the coordinate transformation: 



detw s [y] 



detA 



^/|det W ^]|P]dx 7 = J 
Therefore we obtain the desired path-integral formula in terms of x l 

z= f \\ [d^co^jdrt^ioij] p[ ^/|detA[^(f)]|]~[^[^(0]) 



te[h,t 2 ] 



exp(iS [/(f)]) 



(2.34) 



Note that since this path-integral formula is a quantization on the reduced phase space, the partition function Z is independent of the 
choice of the gauge fixing function^. 

We apply the path-integral formula Eq.( 12.34b to our general first-second-class-mixed constraint system. The phase space co- 
ordinates x l are chosen to be the symplectic coordinates (p a ,q a ). The second-class constraints Xa are chosen to be the first-class 
constraints C/, the gauge fixing functions^ 7 , and the second-class constraints *P;. On the constraint surface, the Dirac matrix A takes 
the following form: 



Aaf} 


Ci 




x 1 


Cj 








A FP 







A D 





x J 


-A FP 


-0 





where {Ao)ij := {¥,-, V P/} is the Dirac matrix for the second-class constraint and {Afp)jj := {Ci,x J } is the Faddeev-Popov matrix 
for the gauge fixing functions^'. The absolute value for the determinant of A is 



|det A| = |detA D | |detA F/ >| 
Therefore, the partition function of the constrained system is written as 

2k 



(2.35) 



Y\ d Pa {t)Aq a {t) ^det Ad [pjt), q«(t)]\ ]~[ s(% [p a (t), cf(t)} ) f[ f]s(C, [p a (t),q a (t)]) 

te[r u t 2 ] L i'=l J te[tut 2 ] L/=l 

m 

]~| | det App \p a (t), q a (t)] | Y] 5{ X ' [ Pa (t\ q a (t)] ) exp (iS [pjt), q a (t)] ) 



(2.36) 



te[tM 



which precisely coincides with the path-integral formula Eq. d2.27l i from the relational framework and the canonical quantization on 
the reduced phase space, when the Hamiltonian H vanishes. Here we have split the integrand into four different factors in order to 
clarify the different physical meanings. 



1 . The first factor 



2k 



(2.37) 



P| dp a (t)dq a (t) ^IdetAD^O,^)]! P| K Wi [pa(t) ' q " (t)] ) 

fe[f!,f 2 ] L i=l 

is essentially an infinite product of the Liouville measures on the constraint surface :- {x e T | [x] = 0} equipped with 
the Dirac symplectic structure £ly. This product Liouville measure is invariant under the canonical transformations on (Ly, Qy. 

2. The second factor 

m 

P| \\s(Cj\p a <t),<f<ti\) (2.38) 

(6[f I? yL/=l 

is a product of the (5-functions of the first-class constraints C/, which will be exponentiated and contribute the total Hamiltonian, 
after we use the Fourier decompositions of the 5-functions. The third factor 



P| | det App [pjt), q a (t)] | f] 5{ X ' \p a (f), q a (t)] ) 



«[<i,«a] 



(2.39) 



is a typical Faddeev-Popov term which always appears in the gauge fixed path-integral. 
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3. And the last factor is the exponentiated action where the action S [p a (t), q"(t)] reads: 



S[p a (t),q a (t)] = f'dt 
Jt, 



p a {t)-q a {t) + H[p a (t),q a (t)} 
at 



(2.40) 



The next step is to employ the Fourier decomposition of the 5-functions so that we write the partition function as 

/. 2k r m 

]~[ d Pa (t)dq a (t) ^det A D [pjt), q"(t)]\ [J S(X [pjt), q a (t)] ) H f[dA'(t) 
te[T U t 2 ] [ i=\ J fe[fi,f 2 ] L J=l 

m 

X f[ | det Afp [p a (t), q a (t)] | Y] d( X ' [p a (t), q"(t)] ) 
2] L 

J;, 



f£['l,'2l 

x exp i I df 



Pa{t) Tt (f{t) + » [/>„(/), (fit)] + X\f)C, \p a {t), cfit)] 
at 



(2.41) 



where we have exponentiated the first-class constraints C/, and replaced the second factor by a formal product measure of the 
Lagrangian multipliers. 

2.2 The gauge invariance of path-integral measure 

In this subsection, we will consider the invariance of the total measure factor 



2k r m 

DfJ. := f[ d Pa (t)dq a (t) ^det A D [p a (t), q°(t)]\ [~[ s{% [ Pa (t), q"(t)] ) 11 (] dA ' (t) 

f6[f I ,f 2 ] L !=1 J te[t,,ti] L/=l 



(2.42) 



under the gauge transformations generated by the first-class constraints. 

We first consider the first-class constraints reduced on the second-class constraint surface (IV, Q>y), we denote the restricted first- 
class constraints C/| c also by C/, which won't result in any mis-understanding, because we will restrict all the following discussion 
on the phase space (FV, Qy). On the phase space (F^, £ly), the constraint algebra is the Poisson algebra generated by C/ under the 
Dirac bracket {, }>p determined by Cly 

{C,,Cjh = {C I ,Cj)-{C I ,V i }(A D x ) k W k ,Cj) 

= fn K C K + g,^k + [u n K C K + v fi *pj (A D 'f \ U] L k C L + vjfr] 



fu K + <C L (A D l )' k Uj « 



~ t IJ L K 



where " - " means the equality on (F^Q^) and F U K = f n K + u u l Cl{a^ u Jk K 
constraint algebra on (Fvp, For the Dirac bracket between C/ and the Hamiltonian H, we have 

{H,Cih = {H,Ci}-{H,^i}(A^f{m k ,Ci} 

= UjCj + Vj^j - {H, %} (A D [ )' k [u Ik L C L + Vl i%] 



(2.43) 



is the structure function for the first-class 



3L 



WjCj 



c. 



(2.44) 



Now we consider the infinitesimal gauge transformation generated by a first-class constraint Cj. For any function / on the phase 
space (Fiy, Qiy), it is defined by 



f^f:=f+e{f,Cjh 



(2.45) 



In the path-integral measure Eq. d2.42l i, there is a factor of the product measure of the Lagrangian multipliers [l\? =1 dA'it)] whose 
gauge transformation is not obvious so far, because the constraints Cj are the phase space functions and their Hamiltonian vector 
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fields don't have action on the Lagrangian multipliers. However the gauge transformations for the Lagrangian multipliers A 1 is 
obtained if we ask the action is invariant under gauge transformation generated by the first-class constraints, i.e. the canonical 
variables and Lagrangian multipliers should transform at the same time and form the local symmetries of the action. 

Apply this infinitesimal gauge transformation generated by Cj to the total action S tot (also assume the change of A 1 ), we obtain 
the transformed total action by 



S,o,[p a (t),q a (t),A'(t)] = f~ 

Jt, 

- I" 

•Jh 



Pa(t)-q a (t) + H + A K (t)C K 
dt 



Pa(t)-q a (t) + H + eWfC K + A K (t)C K + eA'FjCK 



dt 



where we have used the fact that the kinetic term is unchanged under canonical transformation and 

A'C i-» i 7 ?/ := A'd + Ad + o(e 2 ). 
Obviously, if at the same time we transform the Lagrangian multiplier by 

l K !-> ~x K := A K - e [wf + a'f u k ] 
the total action S to t is unchanged up to the order of e 2 

S t0 , [p a (t),q a (A~A l (t)] = S tot [paiAq^AA'it)] + o{e 2 ) 

or in another word: 

r , n S lol \p a (t),q a (t),~A ! (t)]-S lot \p a (t),q a (t),A'(t)] 
Sj, e S tot \p a (t),q a (t),A ! (t)] := lim l - i l - 1 = 



(2.46) 



(2.47) 



(2.48) 



(2.49) 



(2.50) 



Therefore we give a name for this simultaneous transformation 

Definition 2.2. The simultaneous infinitesimal transformations for both the phase space functions and the Lagrangian multipliers 
induced by the first-class constraint C j 

f[pUl^f[p a ,q a ]-=f[p a ,<f] + e{f[p a ,q a ],C J [p a ,q a ]^ and A K w l K := A K - e[wf + A'fJ] (2.51) 

which results in 5 j t£ S tot = is called the infinitesimal local symmetry generated by C j. 

There are two remarks: 

• It is well known that the local symmetries of the action in general result in the constraints in the canonical framework. Given 
an classical action, there is a projection map from the space of field configurations to its phase space. This projection map 
usually projects the infinitesimal local symmetry transformations of the action to the same number of infinitesimal phase 
space gauge transformations generated by the constraints [9|. With respect to this, the construction of infinitesimal gauge 
transformations for action from constraints is its reverse procedure. But this reverse procedure sometimes cannot capture all 
the local symmetry transformations, espectially in general relativity, because some local symmetry transformations may not 
be projectable, e.g. the field-independent spacetime diffeomorphisms. 

• The reason for only considering infinitesimal transformations is the following: Here we are discussing the most general cases 
in which the first-class constraint algebra is not a Lie algebra (there are some structure functions). Therefore the collection of 
gauge transformations doesn't have a group structure and actually, is at most an enveloping algebra of the first-class constraint 
algebra. A generic element of the enveloping algebra is a finite product of infinitesimal gauge transformations. 

Definition 2.3. An infinitesimal local symmetry generated by a first-class constraint is said to be implemented quantum mechanically 
without anomaly if the total path-integral measure 

2k r m 

Dn[pJf),<f(fi,At)]:= f[ dp fl (f)d^(f) ^det A D [p a (t), q a (t)]\ \~[ s(% [p a (t), q a (t)] ) ]~[ [] dA'(t) (2.52) 

te[h,h] L i=l J re[f! ,/ 2 ] L 7=1 

is invariant ( up to an overall constant) under this local symmetry transformation. 



13 



Under this gauge transformation, the transformation behavior of the total measure is given by 



]~[ dp a Wq a (t) ^det A D [ Pa (t\ q a (t)]\ \\ d(% [p a (t), q a (t)] ) P| Y\dA'(t) 

te[ti,ti\\. i=l J te[ti,t 2 ] L/=l 
2& f m 

' * d/5 fl (f)dr(0 yjdet A D [/5 fl (r), <f(0]| f] ^ [&(*), ) |~[ 

fe[ri ,/ 2 ] L i=l J re[/i,r 2 ] L/=l 

f / 2t l r m i / \ 

= pi dp fl (od^«videtA D rj7 fl (o,^(f)]in^'[^«^ fl «]) n n d/i/(f) i_ejF " [pfl( °'^ (o] (2 - 53) 

fcftiAH i=l J«e[ti,fe]L/=l ' 

where we have used the fact that the first factor of the total measure is an infinite product of the Liouville measures on the constraint 
surface Ly equipped with the Dirac symplectic structure Cly. This product Liouville measure is invariant under the canonical 
transformations on (Ly, Qy. Therefore we have proven the following result: 

Theorem 2.1. The local symmetry generated by the first-class constraint C j is implemented without anomaly in reduced phase space 
quantization if and only if the trace of the structure function, Fj, is a phase space constant. 

Note that we only need the invariance of the measure Dp up to an overall constant because essentially the quantities we are 
computing is the physical inner product (^W) (see Eq. d2.26t ). More precisely, we may choice a reference vector in the physical 
Hilbert space < H, the meaningful quantity is the ratio 



<Q|Q> 



(2.54) 



which is invariant under a re-scaling of the path-integral measure. 



3 The gauge invariance of the path-integral measure of gravity 
3.1 The path-integral measure in ADM formalism 

We would like to apply our general consideration to gravity. First of all we consider the ADM formalism of the 4-dimensional 
canonical general relativity. The ADM formalism formulates canonical general relativity as a purely first-class constrained system, 
whose total Hamiltonian is a linear combination of first-constraints: 

H m := £d\ [N a (x) H a (x) + N(x) H(x)} (3.1) 
where H a and H are spatial diffeomorphism constraint and Hamiltonian constraint respectively. They are expressed as: 

H a = — q ac Db P bc 

K 

H = - Vldetglfl rj= 

Vldet#| 

The first-class constraint algebra is given by 

[H a {N%H b (M b )} = H a (-£^N a ) 
{H(N),H a (N a )} = H{-£ffN) 
{H(N),H(M)} = H a (q ah [Nd b M - M8 h N]) (3.3) 

It is not hard to see that the constraint algebra is not a Lie algebra since there is a structure function appearing in the commutator 
between two Hamiltonian constraints. Therefore the gauge transformations generated by these constraints don't form a group but 
only can form a enveloping algebra, to which we refer as the Bargmann-Komar Group BK(M) [ 1 1 . This enveloping algebra obtains 



q ac qbd 



D- 1 



qabqcd 



pabpcd 



(3.2) 
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a group structure when the equations of motion is imposed, and only in this case BK(M)=Diff(M). We will come back to this point 
in Section l3^2l 

We apply our previous general consideration to ADM formalism and write down the path-integral partition function in terms of 
canonical variables (P ah , q ab ) 



Z ADM = f [dP ab {x) dq ab (x)] Y\[s(H a (x))s(H(x))] exp/ fdf f <^xP ab jq, 

J xeM xeM J J ' 

4 

x f] | det A FP (x)\ Y] 5{x a [>"*(*), q ah {x)\ ) 

xeM L u= 1 

= f W [dP ah (x) dq ab (x)] Y[[dN a (x) dN(x)] exp/ \ dt \ d 3 x 

J xeM xeM ^ ^ 

4 

n i det Ap ^ x i n K** [ pah(x) ' ) 



Q 

P*-£ldb + N a (x) H a (x) + N(x)H(x) 
at 



x 

xeM\_ a=\ 

where the path-integral measure and the ADM-action read 



(3.4) 



DfiADM = H [ Apab W d ^b(x)] Y[ [dN a (x) dN(x)] 



xeM 



xeM 



/dr/d-x 



P ab ^Mab + N a (x) H a (x) + N(x)H(x) 
at 



(3.5) 



In the following we need to write down the local symmetries of S adm generated by spatial diffeomorphism constraint and Hamil- 
tonian constraint. These transformations have to transform not only the phase space variables but also the Lagrangian multipliers 
which are shift vector and lapse function, in order to keep the ADM-action invariant. 

First of all, we consider the infinitesimal gauge transformation generated by the spatial diffeomorphism constraint H^e"). 
For a phase space function f[P ab , q a b\> the transformation is given by 



(3.6) 



+ o(e z ) 



(3.7) 



T e Diff f:=f + {f,H a {<?)) 

Then we look at the transformation of the action 

SAD M [P ab ,q ab ,N a ,N] = Jdtj d\ ^P ah j t q ab +N a (x)H a (x)+N(x)H(x) 
>-> S adm \r Diff P ah , T e Diff q ab , T Diff N a , T e Diff N\ 

= jdt j d 3 x P ab j ( q ab + [r Diff N a - £ ? N a ]H a + [r Diff N - £ ? N]H 

where we have used the fact that the kinetic term is unchanged under the canonical transformations, and 

T £ Diff H a (N a ) = HAT Diff N a ) + (r Diff H a )(N a ) + o(e 2 ) 
n iff H(N) = H(r Diff N) + (T" Diff H)(N) + o(e 2 ) 

If we suppose the following transformations assigned to the lapse function and the shift vector correspondingly: 

T e Diff N a = N a + £gN a 
n iff N = N + £,N 

the action S adm \P ab , qab, N a , is invariant up to o(e 2 ) under the transformation generated by the spatial diffeomorphism constraint 
T Diff : {P ab ,q ab ,N\N) » (T^^T'^a^fN"^^). Therefore 

r , n S adm \T e Diff P ab , T e q ab , T* N«, T* N] - S A dm \P ab , qab, N a , N] 
Soiff^ADM \P ab ,qab,N a ,N\ := Urn ^ °' SI — °' tf J l - ± = (3.10) 



(3.8) 



(3.9) 
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If the smearing fields £°(x) are the compact support vector fields, the norm \\e\\ can be chosen as sup^ \e a (x) (?{x)\ xlz . Thus we have 
shown that T^., : (p fli ',q ab ,N a i-> (T e Dj ^P ah , T e Di ^q ab , T Dj ffN a , Tp^N) is an infinitesimal local symmetry generated by the 
spatial diffeomorphism constraint. Furthermore it is manifest that the transformation Jacobian in Eq. fl3.9l ) is independent of all the 
fields (P ab , q a b, N",^, so it is obvious that the path-integral measure 



Dhadm = [1 [ dpab M dq ah (x)] ~f[ [dN a (x) dN(x)] 



(3.11) 



xeM 



xeM 



d 

P ab ^q ab + N a (x)H a (x) + N(x)H(x) 
ot 



+ o(e z ) 



(3.13) 



is invariant under up to an overall constant. 

Then we consider the infinitesimal gauge transformation T e H generated by the Hamiltonian constraint. For any phase space 
function f[P ab , q a b\, the transformation is given by 

T e H f:=f + {f,H(e)} (3.12) 

Then we look at the transformation of the action 

Sadm [F^qa^N^N] = JdtJ d" 

>-» S adm [T e H P ab , T e H q ah , T e H N a , T e H N] 

= Jdt J ^xP ab j t q ab + {T e H N a )H a + {Z fi e)H + {T e H N)H + q ab {Nd a e-ed a N)H h 

where we have used the fact that the kinetic term is unchanged under canonical transformations, and 

T £ H H a (N a ) = H a (r H N a ) + (r H H a )(N a ) + o(e 2 ) 
T E H H(N) = H(r H N) + (r H H)(N) + o(e 2 ) (3.14) 

If we suppose the following transformations assigned to the lapse function and shift vector correspondingly: 

T e H N a = N a - q ab (Nd h e - ed b N) 

T C H N = N-£#e = N-N a d a£ (3.15) 

the action Sadm \P ab , qab, N a ,N] then is invariant up to o(e 2 ) under the gauge transformation generated by the Hamitonian constraint 
T e H : (p ab ,q ab ,N a ,N) i-> (T e H P ab , T e H q ab , T £ H N", T £ h n). Therefore 



r . n SADM\T" H P ab ,T' H q ab ,T" H N a ,T" H N]-SADM\P ab ,qab,N a ,N] 
6H,,S A DM\P ah ,q ab ,N a ,N] := lim l — „ J l - ±=0 

MHO 



(3.16) 



If the smearing fields e{x) are compact support functions, the norm ||e|| can be chosen as sup ve2 \e{x)\. Thus we have shown that 
T e H : (p clh ,q ab ,N a ,N} h-> (T e H P ab , T e H q ab , T e H N a , T e H N} is an infinitesimal local symmetry generated by the Hamiltonian constraint. 
Furthermore the transformation Jacobian d {r € H N a , T f H N} jd (N a , N) in Eq. d3.15b is expressed as 



d(r H N\r H N) 

d(N",N) 


T e H N a 


T* H N 


N" 


1 


-d a e 


N 


q ab {ed b - 8 b e) 


1 



1 + 6 



where the perturbation matrix £ is traceless. Thus the Jacobian determinant is det (/ + £) = 1 + Tr£ = 1 . As a result the path-integral 
measure 



Dhadm = \\ [dP ab (x) dq ah (x)] Y[ [dN a (x) dN(x)] 



(3.17) 



xeM 



xeM 



is invariant under T 



ii ■ 
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So far we assumed the infinitesimal transformation parameter e 11 = (e, e) doesn't depend on the time-parameter t. However if we 
let = e^it, x), the Eqs. j3.9t and ( 13.151 ) have generalized expressions. Now we write Eqs. d3.9l l and (13.15b in a uniform expression 
and add certain time-derivative terms 

T e "N a = N" + ZgN a + q ab (ed b N - Nd b e) + e a 

T e *N = N + (?d a N -N a d a e+e (3.18) 

Firstly, combined with the gauge transformations for phase space variables, one can check that Eq. d3.18t leaves both the action S adm 
and the path-integral measure Dfi ADM invariant (the consistency conditions H — H a — should be used to show the invariance of the 
action). Secondly the generalization Eq. J3. 18b is motivated by the spacetime diffeomorphisms (see section [3~2b and can be derived 
systematically [19]. In order to derive it, the phase space has to be enlarged to include the lapse N and the shift N" as well as their 
conjugated momenta n and IE,. The set of the first-class constraints should also be extended to include EL a; and Yl a « 0. Then the 
extended gauge transformation generator 

//(e) + ff a (e°) + j d 3 x [U a (XgN a + q ah {ed h N - Nd b e) + e") + EL (e?d a N - N a d a e + e)] (3.19) 

generates the gauge transformations on all ten components of the spacetime metric, which coincide with spacetime diffeomorphism 
if the equations of motion are imposed. 
Let's summarize all above results: 

Theorem 3.1. There exists a collection of infinitesimal transformations T^ generated by the spatial diffeomorphism constraint H a , 
and the Hamiltonian constraint H: 

f [P" b , qab] ' * 7*7 [p« h , q ab ] := / [p" b , q ab \ + [f [p" h , q ab ] , H{e) + H a ( £ a )} 
N a i — > T e "N a := N" + LgN a + q ah (ed b N - Nd b e) + e a 

N ^ T e "N := N + e a d a N -N a d a e + e (3.20) 

These transformations are the infinitesimal local symmetries of the action, i.e. 

Sadm \^'P ab , T^q ab , T^N", T e "N] - S A dm \P ab , qab, N a , n] 

S^S ADM = lim l - — -J l - 1=0 (3.21) 

IMI->o He^H 

for e A< compact support and 1 1 1 1 = sup^ ^ eM \e fl (t, x)e^{t, x)\ 1 ^ 2 . And the total path-integral measure 

Dpadm = f~[ [dP^W dq ab (x)] Y] [dN a (x) dN(x)] (3.22) 

xeM ieM 

is invariant under these transformations ( up to an overall constant). 

Definition 3.1. The Be rgmann-Komar group BK(M) is the enveloping algebra generated by the collection ofT^' as the transforma- 
tions on the space of metric g a p = (q ab ,N,N a ), i.e. 

BK(M):=T({T C "}^)/ ~ (3.23) 
[T is the free algebra generated by T whose generic element read 

T<T^---T^ (3.24) 
and "~ " denotes the equivalence relations from the linearity and the commutation relations ofT^'. 

Corollary 3.1. The Bergmann-Komar group BK(M) is a collection of the infinitesimal local symmetries of classical Einstein-Hilbert 
action, which are implemented without anomaly in the reduced phase space path-integral quantization. 
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3.2 The field-independent spacetime diffeomorphism group 

There exists another collection of the local symmetries of the Einstein-Hilbert action, which is the set of the field- independent 
spacetime diffeomorphisms Diff(M). The generators of Diff(M) are Lie-derivatives £. u along the 4-vector field i^. The commutator 
between two Lie-derivatives 

[£u,£*]=£ M (3.25) 

endows the collection of generators a Lie algebra structure thus gives Diff(M) a group structure. In order to compare the the field- 
independent spacetime diffeomorphisms and the local symmetries in Bergamnn-Komar group and check if the local symmetries in 
Diff(M) can be implemented without anomaly in the above path-integral quantization, we have to show how the diffeomorphisms in 
Diff(M) act on the components (q a b, N, N a ) (for details see [20 1 and the references therein). 
The components (q a b, N, N a ) can be solved from 4-metric g a p by the following relations 

N a =g ah g lb , N 2 = -g tt + g ah gtagtb, qab = gab (3.26) 

where g ab is the inverse of the spatial metric g a [ 7 . The infinitesimal change of the 4-metric under the spacetime diffeomorphism is 
given by the Lie-derivative 

Sugaf) := tugafi = U^d^gafi + 2g fl(a dff ) U IJ (3.27) 

To derive the induced transformation for lapse and shift, one should use the relation uP = en 11 + X^e" or 

u° = e°-e^ (3.28) 
After some calculus, the infinitesimal changes of lapse and shift under spacetime diffeomorphism is obtained explicitly 

d u N a = £ g N a + q ab (ed b N - Nd b e) + <? 

6 U N = e a d a N - N a d a e + e (3.29) 

which coincides with Eq. ( 13.18b and actually is the motivation for adding the time-derivative terms in Eq. (13.181 l. On the other hand, 
the infinitesimal changes of spatial metric q a i, and its momentum P ah are represented as the Lie-derivatives of the spatial fields 

Kqab := -Cuqab, 6 t P* := £ u P ab (3.30) 

However, only when equations of motion is imposed, 

£ u qab(x) = {qab(x), H(e) + H a {e a )} , Zu^ix) = [p a \x), H(e) + H a (e a )} (3.31) 

Thus we see that the relation BK(M)=Diff(M) holds only when the equations of motion are imposed. 

Then the question is whether the local symmetries in Diff(M) can be implemented quantum mechanically without anomaly. It 
turns out in that all the infinitesimal field-independent non-spatial diffeomorphisms cannot be taken from the space of metric 

to the phase space by the projection map in |9). In another word, there is no notion of the local symmetries on the phase space 
corresponding to the non-spatial diffeomorphisms. Thus any non-spatial diffeomorphism belonging to Diff(M) cannot be written as 
a canonical transformation (unless on shell) and doesn't leave the Liouville measure Yl x eM \^P ab (x) dg r fl fe(x)J invariant. In conclusion, 
the classical local symmetries in the spacetime diffeomorphism group Diff(M) is anomalous in the reduce phase space path-integral 
quantization of general relativity. 

3.3 The path-integral measure from the Hoist action 

We apply the general procedure to the case of Hoist action, whose canonical framework is studied in ETI . The total Hamiltonian 
is a linear combination of constraints (the physical Hamiltonian on reduced phase space vanishes), the expressions of the first-class 
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constraints G IJ , H a , H, and second-class constraint C , D ab is given by (we follow the notation of [21 1) 

Gu = d a (n - - * nfu + A/in - - * nf JK - Aj(n - - * nf lK 
7 7 7 

H = L F --*F)%[Alrf K 7i b JLn KL + A ab (A,7T)C ab 

Cab JJKL^a „b 

- * IJKL 

D = *n u (n D c n +n D c n )i]kl (3.32) 

where D ab is the secondary constraint with \H{x), C ai (x')} = D ah (x)6(x, x'), A ab {A, 7r) is the Lagrangian multiplier determined by the 
consistency of D ah . The constraint algebra is given by 



Gu(A IJ ), Gkl(Q KL )} ~- 


-- AGuiA^^KL) 


{GjAA'^HaiN")} = 


-- G,A-£^A IJ ) 


[G,j(A IJ ),H(N)} -- 


= 


{Gu(A IJ ),C ab (c ah )} -- 


= 


{G„(A"),£> a V fl /,)} = 


= 


{H a (N a ),H b (M b )} -- 


~- H a (--C M N a ) 


[H(N), H a (N a )} -- 


-- H(-£^N) = -H(N a 3 a N - Nd a N a ) 


{C ab (c ab ),H c (N c )} -- 


-- C ab (-£^c ab ) 


{D ab {d ab ),Hc(N c )) -- 


-- D ab (-£^d ab ) 


{H(N),H(M)} -- 


= H a ([detq]q ab [Nd b M - Md b N]) + C ab (- ■ ■ ) + D ab ( 


{//(AO, C ab (c ah )) -- 


-- D ab {Nc ah ) + C ab (---) 


[H(N),D ab (d ah )} -- 


-- D ab (---) + C ab {---) 


[c ab (c ab ),D ab {d ah )) -- 


-- C ah (- ■ ■ ) + 4 [det qf q ab q cd {c ac dbd ~ c ab d cd ) 



(3.33) 

where we have skipped some unimportant structure functions related to the second-class constraints. Note that the smearing functions 
N for the Hamiltonian constraint H and c ab for C ab have density weight - 1 , and the smearing function d ab for D" b has density weight 
-2, they are all assumed to be independent of phase space variables. 

In contrast to the ADM formalism, the canonical formulation of Hoist action results in a non-regular constrained system (the 
rank of Dirac matrix is not a constant). There are five disjoint sectors of solutions for the second-class constraint equation C ab ~ 0, 
i.e. there exists a non-degenerated triad field e' a and an additional 1-form field e® a such that 

(1+) tt u - ±e e b e c 

/ j j . \ a . 1 abc K L 

(11+) n u = ±-e e b e c e I]K L 
(Degenerated) if u = (3.34) 

where the degenerated sector results in a degenerated Dirac matrix while other sectors lead to non-degenerated Dirac matrix. In 
order to proceed the path-integral quantization in section 12.11 we have to exclude the degenerated sector. For simplicity we only 
consider a single sector, say, II+. The analysis for all other non-degenerated sectors is essentially the same. 
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The path-integral partition function can be written down immediately 

Z = f Y] [dA^(x) d< y (x) 6 (C ah (x)) S (D ah (x)) ^IdetAoWl ] [] [d (G IJ (x)) d(H a (x)) d(H(x))] 



xeM 



f 9 r / \ i 

xfi idetA^win^KW'</w]) ex p ; ' f df r ^ i</|K--* A " 

xgmL ff=i J J J Y L ol \ J I. 

= f [dA^(x) d</x) 5 (C fli (x)) 5 ^IdetAoWl 1 \\ \dA\\x) dN a (x) dN(x)] 

J xeM xeM 

r 9 
X f[ | det A F ,(x)| \\ 6{ X a [A' a J (x), n a n (x)] ) 

xeM I a=l 

x exp ijdtj d 3 x y^1jj t (a'J - i * A^J + I (a? + 7V fl A^) G„ + N a H a + NH 



(3.35) 



where the first factor in square bracket is the Liouville measure on the constraint surface (r\y, Q>y) defined by C ah = D ab = 0. We 
denote by Dji the total path-integral measure: 



^ = El [^"W d7r «W ${C ab {x)) 6(D ab (x)) ^IdetAoWl] f~[ [dAf(x) d/V fl (x) cW(jc)] 

a'GM xeM 



(3.36) 



A D is the determinant of the Dirac matrix for the second-class constraint 



, {C ab (x),D cd (x')} 

{D ah (x),C cd (x')} , {D ab (x),D cd (x')} 



(3.37) 



(3.38) 



{C ab (x), C cd (x')} , {C ab (x),D cd (x')} 
{D ah (x),C cd (x')} , {D ab (x),D cd (x')} 

Therefore | det A D \ = [detG] 2 where G is the matrix determined by 

G ah ' cd (x,x') = {C ab (x),D cd (x')} * [det 9 ] 2 [lq ah q cd - q ac q bd - q ch q ad \ 6 3 (x,x') 

its determinant is det G = [det q] s up to overall constant. 

As we did before, the first-class constraint algebra on the phase space (Fy, Q ¥ ) is obtained by computing the Dirac bracket with 
respect to the second-class constraint 

[G IJ iA"),G KL (fl KL )} v = G„(4A' K Cl JL r, KL ) 

[GuiA^HaiN")^ = G u (-£ g A IJ ) 

[g,j(A ij ),H(N)} v i 

{H a (N a ),H b (M b )}y 1 H a (-£ a N a ) 

{H(N),H a (N a )} v 1 H{-£ffN) = -H(N a d a N - N8 a N a ) 

{H(N),H(M)}y i # a ([dettf]tf afe [A/c9fcM-Mc9fcAr|) (3.39) 

By using this constraint algebra, we are going to derive the local symmetries of the Hoist action generated by the first-class con- 
straints, and to check the invariance of total measure D/j. under these local symmetries. So we will see if these classical local 
symmetries is implemented without anomaly in the reduced phase path-integral quantization. First of all we consider the infinitesi- 
mal S 0(rj) gauge transformation 7^ generated by G/y(e /y ), where e 11 = e IJ (t, x) is a spacetime io(//)-function 

t '"Ty '-=f + {j C ,G,A^% (3.40) 
which results in the transformation of Hoist action: 



S [A' a J ,n a u ,A' t J ,N a ,N] = j dt J d 3 x[i< y | \a» - l - * A^j + \ {a\ j + N a A'J) G u + N a H a + NH 

» s [r G A' a J , Tffij, t%a\\ t g n\ t g n] 

= d 3 *[i< y |(A^-i*A^ + ^ 

T^Ha+Z^G^ + T^NH 



(3.41) 
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N i — > r^iV :: 



If we suppose the Lagrangian multipliers obey the following transformation, 

A 1 / ^ T e G A', J := A'/ -4^6^^-28,6" 
= N a 

N (3.42) 

the Hoist action stays unchanged: S [t^A 1 /, T^rfj, T^A 1 /, T e c N a , T^Nj = S [A 1 /, rfj, A 1 /, N a , N] by using the consistency condition 
d,G lJ = and the gauge transformation of A'J 

A' a J " n A "=K J +lAi\x),G 1J (e 1 %=A I a J -4A^ L T ]KL -2d a e lJ . (3.43) 

Thus we obtain the SCK77) local symmetry of the Hoist action generated by Gauss constraint. It is easy to see that we have recovered 
the SO(?7) local gauge transformation of the spacetime connection field, i.e. 

A'J w Tt-A'J =A'J -AA^e^rjKL-ld^ 1 . (3.44) 

Since the Jacobian matrix from Eq.( |3.42t is independent of the phase space variables, the total path-integral measure Dfi is invariant 
(up to an overall constant) under T^. 

Next we analyze the infinitesimal gauge transformation T^... generated by the spatial diffeomorphism constraint H a {e"), e a = 
e"(t, x). For any phase space function, the infinitesimal gauge transformation generated by Haie") reads 

/ ■-» T hifff :=/ + (/. H a (e a )}^ (3.45) 
which results in the transformation of Hoist action: 

s[Aj/,< y ,A; y ,jV fl ,jV] = Jdtj A\ \rfjj t [A" - l -* A 'a) + \{ A ' J +N a A' a J )G IJ +N a H a +NH 

- S [K iff K J , T^rfj, r Diff A», T* mff N«, r Diff N] 

= fdi j d\ l -7f> u j t U» - ~ * A"| + \ [n iff A</ - £ g A'/ + {n iff N a )A' a J + N a £ ? A'J - £,{N a A'J)\ G u 

+ [ T D if f Na ~ £?N a ]H a + [T e Diff N - £ g N]H (3.46) 
Obviously, in order that 6oiff,eS - 0, the infinitesimal transformation of Lagrangian multipliers takes the following form: 

iW , . te aU ._ aU , r aU aU a ja _ aU , Ji z aU aU z 



A', J T* Diff A r / := A'/ + £,A\ J - A'J d,e a = A'/ + e a d a A'/ - A' a J d,e a 

N " ' * T c Diff N a :=N a +£ ? N a + d,e a =N a + e b d b N a -N b d b e a +d,e a 
N ^ T e Djff N :=N + £?N = N + e a d a N -Nd a e a 



(3.47) 



note that here the lapse N has density- weight -1. Thus we obtain the local symmetry of the Hoist action generated by spatial 
diffeomorphism constraint. Again since the Jacobian matrix from Eq. (13.47b is independent of phase space variables, the total path- 
integral measure Dfi is invariant (up to an overall constant) under 

The last task is to consider the infinitesimal gauge transformation T e H generated by the Hamiltonian constraint H(e) with e = 
e(t, x). For any phase space function, the infinitesimal gauge transformation generated by H(e) reads 

f^T%f:=f + {f,H{e)h (3.48) 

which results in the transformation of the Hoist action: 

S [A' a ] ,n a u ,A' t ] ,N a ,N\ = J dt J d\ l< y | [a u j - I * A a J j + 1 (A» + N a A a J )Gu + N a H a + NH 

» S [r H A' a J , Tffij, r H A'/, r H N\ t* h n\ 

= fdt J d'x^jj^ -i*A^y\[T^ 

+ {T e H N a ) H a + (X^e) H + (TffN) H + [det q\q ab {Nd b e - ed b N)H a ] (3.49) 
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in order that the action is invariant 6n,eS = 0, the infinitesimal transformations of the Lagrangian multipliers takes the following 
form, in order to obtain the local symmetries of the Hoist action generated by the Hamiltonian constraint H 

A'/ .-» T e H A', J := A'/ + [det q]q ab (Nd b e - ed b N) A'J - N a [a'J, H(e)} v 
N a i — > T e H N a := N a - [det q]q ah (Nd b e - ed b N) 

N i — * T e H N:=N--C fJ e + d l £ = N-(N a d a £-ed a N a )+d t e (3.50) 

note that here the lapse N has density-weight -1. the Jacobian matrix d (T e H A>/, T e H N" , T e H N) Id [A 1 /, N", n) for the transformation 
Eq. ( 13.501 ) is expressed as 



a(r H A'/,r H N",r H N) 

d(A', J ,N« ,N) 


T e A IJ 
l H A l 


T e H N a 




A\ J 


1 








N" 


{A' a J ,H(e) 




1 


- (d a e - ed a ) 


N 


-[detq]q ab A' a J (ed b - 8 b£ ) 


[detq]q ab (ed b -d b £) 


1 



which can be written as an identity matrix with the addition of a perturbation, i.e. 

d(r H A', J ,T € H N a ,T € H N) 



d(A'/,N a ,N) 



= 1 + 





[A' a J ,H( £ )} w ~(d a e-ed a ) 

-[dstq]q ab A' a J (ed b -d b e) [det q]cf b (ed b - d b e) 



= 1 + 8 (3.51) 



The perturbation £ is again traceless, so the determinant of the Jacobian matrix equals 1 + Trfi = 1, which means that the local 
symmetries of the Hoist action generated by H, Eqs. ( 13.48b and ( 13.501 ), leave the total path-integral measure Dp invariant. 
The result of this section is summarized in the following theorem: 

Theorem 3.2. (1 ) The infinitesimal transformations induced by S 0{rf) Gauss constraint G IJ 

f K <J ' * T of K </] : = / K + (/ K < J • 

A 1 / ^ T%A\ J :=Aj y -4A™^Vi + 2V 7 
i — > T^ fl := N a 

N i > T e c N:=N (3.52) 

/orm a group of SO(rj) local symmetries of the Hoist action and leave the path-integral measure Dp invariant (up to an overall 
constant). So the classical SO(t]) local symmetries of the Hoist action is implemented without anomaly in reduced phase space 
path-integral quantization. 

(2) There exist infinitesimal transformations T = e^it, x)j induced by the spatial diffeomorphism constraint H a and the 

Hamiltonian constraint H 





-> r7[A 


A 1 / t- 


-> T^A 1 / 


N" t- 


-> T e "N a : 


N H 


-> T e "N := 



1" + 



[det^ ni (A^e - efliAO A^/ - N a [A 1 /, H(e)}^ + £ ? A; y - A l a 'd,e a 



vZ t N-Z n e + d t e (3.53) 

The enveloping algebra generated by {T 1 ^}^ is the Bergmann-Komar group BK(M) represented on the space of connections and 
tetrads. Each element ofBK(M) is an infinitesimal local symmetry of the Hoist action 6 ef iS — 0. And the total path-integral measure 
Dp is invariant ( up to an overall constant) under these transformations. Thus the Bargmann-Komar group BK(M) as a collection of 
classical local symmetries is implemented without anomaly in the reduced phase space path-integral quantization. 
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4 Path-integral and refined algebraic quantization 



Since the dynamics of GR is completely determined by the constraints, the criterion for the correctness of a path-integral is that it 
should solve all the constraints of GR quantum mechanically. In the following analysis, we will discuss this point in the framework 
of refined algebraic quantization (RAQ). 



4.1 Refined algebraic quantization 

Consider a general constrained dynamical system with a number of the first-class constraints C/, we denote the full phase space by 
(At, tS) and the canonical coordinate on it by (p a , q a ). In the procedure of canonical quantization of the constrained system, it is 
practically simpler to first perform the quantization on the phase space (At, to), when one doesn't have enough knowledges about 
the reduced phase space variables. Suppose we have done this quantization and obtained a kinematical Hilbert space < Hju n , which 
is a space of the L 2 -functions of configuration variables q". After that, one should represent the constraints as the operators C/ on 
'Hkuu and impose the quantum constraint equation C/*? = 0. In general the solution of the constraint equations doesn't belong to the 
kinematical Hilbert space, but will contained by the algebraic dual 33 £. of a dense domain c "Hkw, which is supposed to be 
invariant under all the C/ and C\ . So what we are looking for is the state *F e £>* such that: 

Y[cJ/]:=CM/] =0, V/eD (4.1) 

The space of solutions is denoted by 33* /iys . The physical Hilbert space will be a subspace of 33* /iys . And 33£. will be the algebraic 
dual of a dense domain Dp/, vs € < Hpi ns , which is the invariant domain of the algebra of operators corresponding to the Dirac 
observables. Hence we obtain a Gel'fand triple: 

'Sphys ^ Kphys ^ £« 1VS (4-2) 

A systematic construction of the physical Hilbert space is available if we have an anti-linear rigging map: 

r, : 5> Kin -» 5>* Phys ; f i-» r](f) (4.3) 

such that (1.) rj(f')[f] is a positive semi-definite sesquilinear form on D^,„. (2.) For all the Dirac observables O on the kinematical 
Hilbert space, we have O'rjif) = rjiOf). If such a rigging map rj exists, we define the physical inner product by 

(vd)W))phys := n(f')[f\, V/, /' € XW (4.4) 
Then a null space 9? c ££ Ayj is defined by \ri(f) e 35*. | \\v(f)\\phys = }. Therefore 

3>«fr,:=i7(3>»,)/9t (4-5) 

And the physical Hilbert space < Hph ys is defined by the completion of £>/>/,,,., with respect to the physical inner product. 

The above general procedure is called the Refined Algebraic Quantization (RAQ) 1111 . which follows the Dirac quantization 
procedure of a first-class constrained system, and independent from the reduced phase space quantization described in section |2~T1 



4.2 The path-integral as a rigging map 



The discussion in section I2TD suggests a anti-linear map rjj' ' from T>Km to , by a choice of the dense domain D^,„ c Uxm, two 
multi-finger clock values Tf, t,, and a reference vector u> e 35^,,,: 

rpTi f _ J Dp a Dq"DPiDT I U,j [6(P, + hr) 6(t' - c 1 )] e'V ^^°(0 + ^(Or'(o] J^Tjr )f{ ^ ^ 

' / D Pa Dq-DP,DT' Utj [t(Pi + hi) S{T< - c')] e l £' d ' [Z " "^'^ PMt '^ to( q «,T' f )co(q«, Tf) 

for all /, /' e Xi^m- As it is mentioned in section |2~T] the path-integral definition of i] T J' T '(f)[f'] doesn't depend on the choice of 
path c in the T-space. However, for general kinematical state /, /', fj2' T 'if)[f'] depends on the choice of the initial and final points 
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of c, i.e. it depends on the value of r, = c(f,) and r/ = c(tf). The reason is the following: given a specific to and a kinematical 
state / € T>Ki„, we restrict the function f{q a , T l ) on the surface defined by T 1 - t' q = and keep in mind that q a = Q a (Q) = Q a . 
Then we obtain a wave-packet f(Q a , To) at the multi-finger time to. This wave-packet belongs to the Hilbert space H from reduced 
phase space quantization, and serves as the initial wave-packet for multi-finger time evolution. That is, we obtain a wave function 
F T0 (Q a > T ) by solving the Schodinger equation for each /: 



ig^F T0 (Q a ,T) = 6i(T)F T0 (Q a ,T) 



(4.7) 



with the initial condition: 



F Tll (Q a ,T Q ) = f(Q a ,T ) 



(4.8) 



The multi-finger history of the solution F To (Q a , t) corresponds to a Heisenberg state \F To ) € 'H (we use the lower case letter to denote 
the kinematical state in 'Hkiu, while the corresponding state in fi is denoted by the corresponding capital letter). Note that the above 
map from kinematical states to the Heisenberg states in <H is not injective for a given to, since different kinematical functions can 
have the same restriction on the surface T 1 - = 0. As a result, by reversing the calculation in section |2~T1 we see that 



(F TI \F' T ) 

<n T/ |Q T ,> 



(4.9) 



which shows the dependence on tj and t,. However, for the purpose of the following analysis, we remove this dependence by 
integral over all possible t/ and t,-, and define a new anti-linear map r/^, which is the candidate for a formal rigging map: 

T] u : Vku, -» V* Kin ; f^Jlca(f) 

, . = /rW]dc(Q (F Tf \F' T ) = fdTfdTjjFrW) 

jDp a Dq a DPjDT'U,,,iPi + ly) ^'* p « WM ' f '' (,)f( ' )] f{<f p tyf'iq", P f ) 
J Dp a Dq a DPiDT I U,jS(Pi + h) /l? ^PaUmo^PMt'w] ^jTjfa^ty 



(4.10) 



where we use the fact that (F T/ \F' T .) is independent of the path c(t) except its initial and final points, so the integrals J Ylt=[ti,t f ] dc(f) 
are canceled from the denominator and numerator except J dT/dT,-. Suppose 77 w (/)[/'] is finite for all /, /' e T>Ki n < 7 7w(/) then is an 
element in If rj^ is a rigging map, the image of tj w should be in ^>p hys , we have to first check if J] w (f) solves all the quantum 
constraint equations. 

We suppose all the constraints C/ have been Abelianized as C' { - Pj + hi{p a , q a , T 1 ). The corresponding operators is defined by 



C'jf(q a ,T'): 



■ 9 u I 

-i— — t + hj —i- 

dT 1 1 



,q a ,T' 



f(q a ,T') 



(4.11) 



Then we compute 7&i(/)[Cj/'] for any two kinematical states /, /' e D^,„ 

' D Pa (t)D<fmPi(f)DT\i) f[ 6{P, + hj) e' % df[Z " p '^'^ f(<f f ,T' f ) C\ f'(q% Tj) 



= j DpaiWmDT'it) e ! t /d *[2»P«W(0+Ez^«r'©] 



-iJL +hl LiJL t( f t' 

dTj \ dqf q ' 1 



We now consider the collection of T 1 as the multi-finger time parameters, then the constraint equations 



CW,r):= 



d 



dT 1 



3 



dq a 



F(q a , T 1 ) = 



/'(<#, 7//) (4.12) 



(4.13) 



can be consider as the multi-finger time evolution equations. Similar to the case with T-parameter, given a kinematical state /, a 
specific To and the initial condition F(q a , T' Q ) - f(q a , 7^), a solution FT (q a , T 1 ) can be determined in principle and corresponds to 
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a state (a Schodinger state \Ft (T)} or a Heisenberg state \Ft ) ) in "H. And an unitary propagator U(Tf, Tj) is defined on H in the 
same way as it was in section lXTl Therefore, we have 



f r Dp a (t)<Dq\t)'DP l {i)'DT\i) Y] S(P, + hi) e ''.C d '[2»^W?°W + Z,/',(0r'(0] f{q „^ r p C'J'iq", Tj) 
J DT l (t) |f T f (Tf) U (Tj, Ti) -iAj + h(Ti) F' Ti (T,) 







(4.14) 



by some certain boundary conditions of f{q", Tj) and f'(qf, Tj), note that DT'it) :- Y[ie[t t ,tf] dT'(t). The above manipulation shows 
that 



riJMC'J'] = 0. 

So the map rj^ is from D#,„ to the space of solutions s of the quantum constraint equations. 

Moreover, it is clear that 77 M (/)[/'] is a positive semi-definite sesquilinear form on D^,>, because by definition 



(4.15) 



n (/)[/'] = -f^ 2 VWJ = fd&'[fdr l F Ti (&')] [fdT 2 F T2 (Q«)} 

/dndT 2 (njn^) j dg^/dn Q T1 (6«)] [/ dr 2 Q T2 (g«)] 

Therefore we define formally the physical inner product via the map tj^ 

M')\vMphy S ■= T] u (J)[f'] 

^p a Dq a DP,m' Y\,jS(Pi + hi) e 'iMZw^(0+Z,/W'm] f it f ft T' f )f'(^, Tj) 

if d '[2«P«W9 a (0+Z; PiW'(ij] 



(4.16) 



/ Dp a Dq a DP I DT I U,,i ${Pi + hi) e 

s JL f p J)fVP I m i r[6(P I + h I )e t &^*™ m Z' r ^ V > i 
Z " ^ t,i 



U(q a T^iq^Tj) 



f(q a r T<)f'(qf,Tj) (4.17) 



On the other hand, the physical inner product Eq.( l4. 17b can also be equivalently expressed by the group averaging of the Abelianized 
constraints, i.e. if the Abelianized constraint C'j are represented as commutative self-adjoint operators C' r 



j n/d/(/|exp[fE/^;]|/' 

/ ri/<Wfc>|exp[i2/^;] L 



(4.18) 



The formal proof for this equivalence is shown in [22 1 . From this equation, it is clear that for any operator O such that its adjoint O' 
commutating with all the constraints C'j 



d'n<o(f)U'] = riMW'f] = iJdf)[f] 



(4.19) 



Therefore rj^ satisfies all the requirements, thus is qualified as a rigging map. 

The physical Hilbert space < Hph vs is defined by the image of j] w modulo a null space of zero-norm states, while the detailed 
structure of the null space and physical Hilbert space "Hphys should be studied case by case. 

Before we come to the next section, it is remarkable that Eq. (l4. 171 > removes all the gauge fixing conditions from the original path- 
integral formula Eq. (I2.26l l. It will greatly simplify the path-integral of gravity, since the gauge fixings are often hard to implement 
in the case of quantum gravity. 
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4.3 The case of gravity with scalar fields 



We now apply our general consideration to the case of gravity with four massless real scalar fields T l (I — 0, • • • , 3), where the action 
for the scalar fields reads 



SKc[T',g^y] 



z /=() J 



detfe)| g ap d a T ! d p T l 



(4.20) 



where a is the coupling constraint. 

One can perform the Legendre transformation of Eq. ( 14.201 ) according to the 3+1 decomposition of the spacetime manifold 
M R X £. The resulting total Hamiltonian of the system is a linear combination of first class constraints C tot and C'°': 



c tot 

ptOt 



= C + C K 



1 



-y/detg 



C a + C K a G , C D a = P,d a T' 



(4.21) 



here C and C a are respectively the standard Hamiltonian constraint and diffeomorphism constraint for gravity. The symplectic 
structure here is different from the standard case of gravity only by adding the scalar variables T l and their conjugate momenta Pj. 
When the local Jacobian matrix 



d{C"",Cf) 



d a T° d a T> 



d(Po,Pj) 

is non-degenerated, the constraint Eqs. (14.2U can be locally solved into the equivalent form as Eq.( l2.9b 



(4.22) 



c ,o, 



= P + h, 



= Pj + hj, 



h = h(P ab ,q ah ,T') 
hj = hj(P ah ,q ah ,T I ) 



(4.23) 



Since C"" is quadratic to P, we have to restrict P to take value only in half real-line in order to obtain C tot . The constraint Eqs. ( 14.231 ) 
form a strongly Abelean constraint algebra. 

Following the general rule in section l4~2l we can immediately write down the formal rigging map. We first consider the canonical 
GR in the ADM formalism 



rj : V Ki „ -» D* hys ; f » i,Jf), ijjf)\f] := 

/ DP ah Dq a bDPiDT ! U,eM S(& 0t ) 5{Cy) e'V ^U+p.P] J^fr^f T ^ 
jDP"»Dq ab DP,DT' \\ xeM 6(C<°<) s(Cf) e'V ****4**PiP] 



(4.24) 



>(q a b,T') t aj(q a b,T'), 



Note that the integral of P is only over a half of the real-line. 

The formal rigging map Eq.( 14.24t can be equivalently re-expressed in terms of the connection variables, by add the SU(2) Gauss 
constraint G, = dgE" + e i f l A 1 a E a k and the corresponding gauge fixing condition £,,. The purpose for such a re-expression is to relating 
the kinematical framework of LQG, which is formulated mathematical-rigorously and better understood than the ADM case 

T}0 ■ V Ki „ -» £*, ys ; / i * Jjjf), JfoCfll/] := 

/ DE"DA' a DPiDT' U.eM^Gi) d(C">') d(cf) A FP sfa) e 1 V d ' h d3x[E > A '" +P,T ' ] /(a*,, T*) t f (a£, T') t 



J T>E a i T>A i a 'DP 1 m l UxeM^Gi) d(C"») s(Cf<) A FP dfa) e 



>(A-,T')M-,T') 



(4.25) 



where A FP is the Faddeev-Popov determinant. In the case that all the kinematical states we considered are SU(2) gauge invariant, 
we can remove the gauge fixing term A FP £>{t;j) from Eq. d4.25t without changing anything. The reason is shown by the standard 
Faddeev-Popov trick, here we briefly outline the method (see also e.g.[23|): 
Suppose a integral formula is written as 



Z = J Dim flX] A FP [X] 6(&[X]) 



(4.26) 
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where are gauge fixing functions. We replace the variable X everwhere by X A , which is an finite gauge transformation of X 
generated by the first-class constraints. Then 



Z = J" Dfi[X A ] f[X A ] A FP [X A ] tf(f/[X A ]) 



(4.27) 



We are assuming that the first-class constraint algebra is a Lie algebra so that the gauge transformations form a group. Since the 
infinitesimal parameter A is arbitrary, Z cannot dependent on A. Therefore we integral over A with a certain suitable weight-function 
p[A] 



Z j £>A 7 p[A 7 ] = j DA'p[A'] j Dfi[X A ]f[X A ] A FP [X A ] tf(&[X A ]) 



(4.28) 



If we also assume that both the path-integral measure T>p\X\ and the function f[X] are invariant under the gauge transformations, 
we will obtain 



Z J £>A 7 p[A 7 ] = j Dfi[X] f[X] J DA 1 p[A 7 ] A FP [X A ] 6^,[X A ]) 



By using an explicit expression of Faddeev-Popov determinant A PF . We know that 



A PF [X A ] = det 



8X ] 



1=0 



(4.29) 



(4.30) 



We consider the result of performing the gauge transformation with parameters A 7 followed by the gauge transformation with 
parameters A 1 as a product infinitesimal gauge transformation with parameters 7 (A, A). Then 



smx A ) A ] 



6A J 



Therefore if we choose the weight-function 



6& K 



p[A] 



® K (A,A) 



0=A 



det 



<Sf/[X A ] & K (A,A) 



6A J 



® K (A, A) 



6A K 5A J 



5A J 



,1=0 



We then have 



As a result 



J £>A 7 p[A 7 ] A FP [X A ] 5(tj[X A ]) = j DA 1 detJ^Mj 6(&[X A ]) = 



Z = 



j £>A 7 p[A 7 ] j D»[X]f[X] 



(4.31) 



(4.32) 



(4.33) 



(4.34) 



which means that Z is expressed as a simpler integral J 2D/j[X] f[X] divided by a infinite gauge obit volume. Note that if one can 
define a Haar measure on the gauge group, the weight-function can be chosen as 1 . 

The above derivation only depends on two non-trivial assumptions: (1.) Both the measure Dfi and the function / are gauge 
invariant; (2.) The gauge transformations form a Lie group. In our case of Eq. (I4.251 l, both integrals in the numerator and denominator 
fulfill the assumptions. Firstly, in the same way as we discussed in previous sections, the SU(2) gauge transformations are local 
symmetries of the action and anomaly-free in the path-integral (leave the measure invariant). And we have chosen all the kinematical 
states /,/', a) are SU(2) gauge invariant. Secondly, the SU(2) gauge transformations form a Lie group. As a result, 

!/„ : D«„ ^ £* 1VJ ; / w 77J/), ^(/)[/'] := 

J DE"DA i a DP I DT' \\ xeM 6(d) 6(C"") d{cf) e l % A '^< d ' x \- E > A '° +p < T '} f fa, T') f f fa, T') t 



J 'DE a .'DA' a 'DP l m I U x eM s(Gi) 6{C t0 >) s{cf) e l % i3x l E > A, ° +p ' f '] u fa t T') f co fa, T') t 



(4.35) 
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where the gauge fixing terms are removed, and the overall factors of infinite gauge volumes in both numerator and denominator are 
canceled with each other. 

Another step is to transform the delta functions and express Eq. ( 14.351 ) in terms of original constraints C"" and C'°' 

: X> Ki „ -» D*^ s ; / ^ j,JJ), /?-(/)[/'] := 

/ DEfDA i a DP I DT I H xeM R6(G l )6(c"») s(c' a °') e ^' i '^ Ai ^ A '" +P,T '' i f(A i a ,T I ) f (a^T 1 ) 

" ' ( 4. 36) 



where 



f DE«DA i a DP,DT< UxeM R fai) d(c ,ot ) 5{C a °') e% i " x ^ A '" +p ' t, 'i u (a[„ T^oj (a* , T') t 
d{C°\Cf) 1 



R = 



det ■ 



d(Po,Pj) 



' Jdetq 



det 



Pj 

d a T° d a TJ j 



(4.37) 



which depends on both the variables of gravity and the variables of dust. As it was shown generally in section I4T21 i] u (f) formally 
solves the quantum constraint equations defined by the Abelianized constraints Eq. d4.23l l. And 



(4.38) 



is qualified to be a physical inner product. 

There is a remarkable feature of Eq. d4.36t : when we derive Eq. d4.36K we restrict the kinematical states f,f',o) to be SU(2) 
gauge invariant. However, even if we apply some gauge non-invariant states to Eq. d4.361 l. it actually only depends on the equivalence 
class of the kinematical states /,/', in which different states are related by SU(2) gauge transformations. We can see the reason by 
a change of variables in the integral, we replace the variables A' a , E" by the SU(2) gauge transformed ones T£ A' a , T^E" everywhere 
(which doesn't change anything), with an arbitrary time-space-dependent parameter A(f, x). If we choose the reference vector to to 
be gauge invariant, by the fact that S U (2) gauge transformations leaves the measure, delta functions and the kinetic term invariant 
up to field independent constants, we then obtain that 

/ DEfDA^DPiDT 1 Uxe M R fai) fa"") faf) j% i3x l E i A « +p > T '~l 



f(A i a ,T'\f(A i a ,T 1 ) ti 



J DE°DAi,DP,DT I UxsmR fai) fa"") faa') dt ^ d " x[EfA '" +Pl7 "^ cj{A l a , T') { a(A* a , T l ) t 
j DE"DA' a DPiDT' \\ xeM R 8(g) d(c ,ot ) d(cf) i% ^t^^r'] ^ ji^j^f 

tot\ i£ f ^L t M E t^+ p t tr i 



J DEfDA^DPlDT' UxeM R fa,) fa°') faa') «' 



(4.39) 



>(ALT') tf c(A-,T'\ 

where A, and Ay are relatively independent. This observation shows that for a given kinematical state /, rj^if) solves ALL the 
quantum constraints, including Gauss constraint, Diffeomorphism constraint and Hamiltonian constraint. 



4.4 The path-integral rigging map in terms of spacetime covariant field variables 

It is more convenient to perform the computation with the path-integral formula in terms of original spacetime covariant field 
variables and the Lagrangian in a manifestly covariant form. Thus it is better for us to transform Eq. d4.36b into the path-integral in 
terms of original spacetime covariant field variables, so that we can evaluate the physical inner product by using the techniques of 
spin-foam model. 

It is shown in the appendix of [ 1 1 that the canonical path-integral formula from the Ashtekar-Barbero-Immirzi Hamiltonian (the 
one appeared in Eq. d4.361 l) is equivalent to the canonical path-integral for the Hoist action Eq. d3.351 l after imposing the time-gauge. 
We incorporate this result to the physical inner product (we first ignore the scalar field contribution, but will add it back afterward): 

Zt(JJ') 



(Va>(f')\Vu(f))phy S 



Zt(u>, oS) 



Z T (f, /') = f f[ UC(x) drfjix) 6 (C ab (x)) 6 (D ah (x)) A /|detA D (x)| ] \~[ [d (G IJ (x)) s(H a {x)) s(H(x))] 

• xeM xeM 

x n [ v * {x) fa)] exp/ f dt ( d ' X 

xeM ^'i ^ z > 



2 n ' J dt\ A ' 



-*A' J 

7 " 



(4.40) 
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where the time-gauge condition T c := & ifycLeabc — 0, M is the spacetime region bounded by initial and final slices E ti and E f/ . 

In order to let Eq.( 14.40b consistent with Eq. (14.251 l. one need to be careful for the following reasons: Recall that the simplicity 
constraint 

C ab _ ^JKL^y^ a (4 41) 

has five disjoint sectors of solutions, where ji c ' u takes one of the five forms 

(/+) 71 u - ±e e b e c 
(II±) n a u = ± l -e abc e K b e L c e IJKL 

(Deg) n a u = 0. (4.42) 

If we define n" := and fif! := je^if 1 ^. Then we have the following different properties for different sectors 

(/+) => det 7!f = and (det nf )(det 4) > 0, 

(/-) => det a? = and (det 7r?)(det 4) < 0, 

(//+) => det n° = and (det <)(det e l a ) > 0, 

(//-) => det/ff = and (det <)(det 4) < 0. (4.43) 

where we can also see that the four sectors (/+) and (//+) are disjoint. Because of the appearance of these five sectors of solutions, 
we have to clarify which sector is contained in the integral of Eq. d4.40t in order to be consistent with Eq. d4.25t . It turns out in the 
appendix of lHI that the integral of Eq. (l4.401 > only contain two sectors, either (/+) or (//±). Thus we restrict ourselves in the sectors 
(//+). 

The next step is to perform the Henneaux-Slavnov trick |24| to eliminate the secondary second-class constraint D ab in the 
path-integral formula. We express the delta functions 5(H) and S(D ab ) by their Fourier decompositions, 

Z T (f, /') = f |~[ Wjix) &7t a u {x) dd ah (x) 5 (C ab (x)) ^detAoWl j ]~[ [dN(x) 6 (G IJ (x)) d(H a (x))] 

: fl [Vt(x) 6(T C )} exp i f" dt f d 3 x [i< y | L" - - * A'A - NH + d ab D ab \ /(aQ /' (A^) (4.44) 



X 

xeM 



Then We consider a change of variables which is also a canonical transformation for the canonical fields on different spatial slices 
Sf. It is generated by the functional 



F(t) := - I d i xd ah (t,x)C ah IN{t,x) 



where d a b(t, x) = d a b(t, x) for t e [f,- + e, tf - e] 

= foTt = {t u tf} (4.45) 

so this change of variable doesn't affect the kinematical state /,/' on the boundary. The integral measure [<M"(x) d^' y (x)J is the 
Liouville measure on the phase space thus is invariant under this canonical transformation, VI det Ad(x)\ is also invariant under the 
canonical transformation generated by F since \c ab (x), G cd ' e f(x', x")} = 0, and the product of <5-functions for both time-gauge and 
first-class constraints are invariant under this canonical transformation because 

{Gu(A IJ )X ab (c ab )} = 
{c ab (c ah ),C cd (d cd )} = 

[H a (N a ),C bc (c hc )} = C ah U^c ab ) (4.46) 

Under the canonical transformation generated by F, the change of kinetic term 6 J dt J d?x if u d t (a'J — i * A'/) is proportional to 
Jdt J d?x C ab d t (d a b/N) which also vanishes by the delta functions 6(C ab ) in front of the exponential. So H and D ab are the only 
terms variant in this canonical transformation. Moreover because \h(x), C ab (x')} = D ab (x)5{x, x') modulo the terms proportional 
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> KG 



- I" d 'J> 



d'xlPAT 1 -N a P,d a T' - 



nI N (a(detq) 



■Jdetq 



. -q aD d a T'd b T' + —P\ 
2 2a 



N 



2a ydetg 
N 

2a*Jdetq 



P 2 I +NP I n a d a T I - -N4d^Tqq ab d a T l d h T l 



P] + NP^daT 1 - ^iV Vdet^ (n a d a T'f + yfdlt^ (n a d a T ! ) 



--Ny/detqq^daT'dbT 1 



(4.47) 



(4.48) 



(4.49) 



to C ai and [c ah (x), D cd (x')] = G ah ' cd (x, x') we can obtain explicitly the transformation behavior of H(N) and D cd (d cd ) in the time 
period [f, + e, tf - e] modulo the terms vanishing on the constraint surface defined by C ab = 

e*- F H(N) = gI{F,//(A0} W = J d 3 xN(x)H(x) + J d 3 x d ah (x)D ab (x) - l - j d 3 y j d 3 zj^d ah (y)d cd (z)G ab ' cd (y,z) 
e*- F D cd (d cd ) = Yj^{F,D cd {d cd )} (n) = J d 3 xd cd (x)D cd (x)- J d 3 x J d 3 y ^d cd (x)d a b(y)G ah ' cd (x,y) 

hemx-F is the Hamiltonian vector field associated by the phase space function -F, and the series terminated because of 

[c ab (x),G cd ' ef (x',x")) = 0. 
When we take e — > 0, the integral on the exponential becomes 

fdt J d 3 x \^ u j t (a'J - I * A"| - AT// - I^G^/JV 

Then we perform the integral over d a b, we obtain 

z T (f,f') 

= f [DA'/Drfj S (C ah ) VldetGI ] [£>Af DN a DN \N 3 \ ] |~[ [ V? <5(r c )] 

•' //: ' ' KM 

x exp i df ^ d 3 x l -n a u d, \a» - l - * A?) - \ (A 1 / + N a A a J ) G„ - JV fl // fl - NH ffify/ (A^ 
We include the scalar degrees of freedom, since the scalar field contributions all commute with F(t), we get 
ZrifJ') 

= f [DA^Drfj (5 (C fl *) VldetGI j [©A^OiVOiV |JV 3 | ] [dp,DT ! ] ]~[ [v? tf(r c )] /? [P/, T 7 , g *] 

•' //: ' ' X€M 

x exp i £ dt £ d 3 x^n a u d t (a'J - I * A 7J J - I (A /J + JV fl A^) G„ - JV fl // fl - AT// 

+PAT 1 - N"P,d a T' - -J= I^H q ^ daT 'd b T' + ^P 7 2 ) 

X/(Ai,r) f/ /'(Ai,^) t; 
We then consider the scalar field contributions of the total action on the exponential: 



(4.50) 



(4.51) 



= ~ £ ^ L d ' X [ ^ 2aJd^q~ P ' ~ ^ N ^~ q ("^0 - \ f d ' x Vi^OI g^daT'dpT' (4.52) 
where the second term is the original covariant action of the scalar fields, and the first term contributes the integral of P t . Let's 
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extract the integral of Pj out of the path-itnegral formula: 



DP; Re 



= I f DP, det 

ayjdetq J \ 



d a T° d a TJ 



laJdetq 



a yjdetq 



N 
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DX, 



det 



' X + ^Ny/det^ n a d a T° Xj + y/det^ n a d a T> 

d a T° d a T> 



s 2 5 ^ 2 V 3 s /2 N- 5 ' 2 J KG [a,T I ,q" h ] 



(4.53) 



After the above manipulation for the scalar field degrees of freedom, we follow the same way in [T) to solve the simplicity 
constraint C ab , and obtain a path-integral of the Hoist action coupling to the scalar fields 

ZAf, /') = JT DA'jDe' a DT ! J~[ |^ 1/2 V s 6 | J KG [a, T> , q ah ] 6 3 (e°) sin £ e' A e J A \*F U - 

f d 4 X y/itewisfdaT'dfir 1 

z Jm 



x exp 



(4.54) 



It is the path-integral representation of the physical inner product for GR coupling to the scalar fields. However, the Jacobian STkg 
involves integral expression Eq. ( 14.53b thus is hard to practically compute. But we can approximate this formula Eq. ( 14.541 ) by the 
pure gravity contribution, if we assume (1.) /,/', o) depend on A' a only; (2.) the coupling constant a is small and negligible. The 
reason is that if a is negligible, $kg tnen becomes independent of q ah ', then the integrals of scalar field variables are factored out 
from Eq. d4.54l i and canceled between the denominator and the numerator of the physical inner product: 



(riM')\ri<o<J))phys 



Z T (f,f) 



Under this approximation, we write down the path-integral representation of the physical inner product 

Zr(f, /') = £ ± DA»De' a p \V 1/2 Vt\ 6 3 [sin £ e' A e J A \*F U - If„ j f(A i a \f (a^ 
Moreover, Eq. ( 14.561 is equivalent to the path-integral of a Plebanski-Holst action Q] 

Zrif, /') = f DA'jDB'^ f[ |^ 13/2 V?| 5 20 Ljkl B 1 ^ B% - ^<Ve afSyS ) S 3 (T C ) 

Jll± rG M \ ^' I 



(4.55) 



(4.56) 



xlexp; f B u A(F - — * F) 

Jm 7 



(4.57) 



5 Conclusion and discussion 

The aim of the present paper has been to analyze the gauge invariance of the path-integral measure consistent with the canonical 
settings, also to give a path-integral formula appropriate for both conceptual and practical purposes. Our previous discussions show 
that the path-integral measure we obtained is invariant under all the gauge transformations (local symmetries) of GR generated by the 
first-class constraints. These gauge transformations form the Bergmann-Komar "group" (enveloping algebra) which is the collection 
of the dynamical symmetries. We also obtain the desired path-integral formula which formally solves all the constraints of GR 
quantum mechanically. And the pure gravity part of physical inner product is formally represented by these path-integral formula 
Eqs. ( 14.561 ) or ( 14.57b . which is ready for the spin-foam model construction. 
There are several remarks concerning our result Eqs. ( 14.561 ) and ( 14.571 ): 

• In Eqs. ( 14.561 ) and ( 14.57b most of the gauge fixing conditions, which often appear in the quantization of gauge system, disappear 
in our case. Since it is hard to implement gauge fixing conditions in the spin-foam quantization, the Eqs. ( 14.561 ) and ( 14.571 ) 
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simplify the further construction and computation at this point. However, the appearance of time-gauge will have non-trivial 
contribution to the construction of a spin-foam model. 



• Our construction formally explains that if we are working toward formally a rigging map and physical inner product consistent 
with the Ashtekar-Barbero-Immirzi canonical formulation [ 12 1, we have to include both two sectors {11+) in constructing the 
spin-foam models from Plebanski path-integral. It simplifies the construction because in constructing a spin-foam model, we 
would like to first remove the delta functions of the simplicity constraint €jjkl B 1 ^ B^ = j(Veafiy5 and consider a pure BF- 
theory, and implement the simplicity constraint afterwards. In considering BF theory, we need the integral for each component 
of B'Jp to be over the full real-line in order to obtain a product of 6(F) (more precisely the delta functions of holonomies). 
However if it was restricted to only one single sector (//+) or (II-), the integral for each component of B J J„ would be only 
over a half real-line. 

• The local measure factors ( < V 1 ' 2 Vj for Hoist and 'V 13 / 2 V|? for Plebanski-Holst) appear in our result Eqs. d4.56l l and ( 14.571 ). It 
means that in order to interpret the path-integral amplitude (or spin-foam amplitude) as a physical inner product in the canonical 
theory, one has to properly implement these local measure factors into the spin-foam model. The detailed implementation and 
construction will appear in the future publication. 

• In order to construct the physical Hilbert space Iriphys '■= (£>/?/«)/ 9^ it is needed to clarify the null space 

91 = (ifotf) e D* hys | WvMphys = } (5.1) 

implied by the physical inner product defined by Eqs. ( 14.561 ) or ( 14.57b . Therefore the further research is necessary regarding 
the implication from the path-integral formula Eqs. ( 14.561 ) or ( 14.571 ). 
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